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AsstrAcT. The validity of singular perturbation expansion of the European op-
tion prices for a general fast mean-reverting stochastic volatility model is proved
in the light of the Edgeworth expansion for ergodic diffusions. The Edgeworth
expansion is validated for a broad class of triangular arrays of regenerative func-
tionals. The validation procedure does not depend on the stationarity nor the
geometric mixing property. The Heston model is treated as an example.
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1. INTRODUCTION

The stochastic volatility model is a continuous-time limit of the ARCH model
and a reasonable generalization of the Black-Scholes model. The plausible advan-
tage of this model is the fact that it explains an empirical phenomenon known as
the volatility smile or skew. See e.g., Heston[15], Hull and White [16], Renault
and Touzi [25] for the detail. Unfortunately, no simple option pricing formula has
been available in a general stochastic volatility model ( see Heston [15], Nicolato
and Venardos [22] for exceptional cases ), which apparently causes difficulties in
practical use. To overcome such a disadvantage, an asymptotic expansion is one
of standard approaches. For example, Yoshida [27] established a small diffusion
expansion and his method was utilized by Osajima [23] to validate an asymptotic
expansion formula for the SABR model developed by Hagan, Kumar, Lesniewski
and Woodward [13]. Masuda and Yoshida [21] applied the Edgeworth expansion
for geometric mixing processes to a stochastic volatility model. Introducing a two
time scales model, namely, the so-called fast mean-reverting stochastic volatility
model, Fouque, Papanicolaou and Sircar [8] gave a singular perturbation expan-
sion and its applications. Fouque, Papanicolaou, Sircar and Solna [10] extended
this to a multiscale model. The validity of the singular perturbation expansion was
proved by Fouque, Papanicolaou, Sircar and Solna [9], Conlon and Sullivan [5]
for the European call option price in a model based on the Ornstein-Uhlenbeck
process. Khasminskii and Yin [18] proved the validity in case that the volatility
is an ergodic diffusion on a compact set. The aim of this article is to prove the
validity for a broader class of ergodic diffusions. In particular, we incorporate the
Heston model, which is beyond the preceding studies. Besides, we deal with the
European option prices with a general payoft function including digital options.
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Our approach is quite different to the preceding studies; we exploit the Edgeworth
expansion for ergodic diffusions.

The Edgeworth expansion is a refinement of the central limit theorem and has
played an important role in statistics. There are three approaches to validate the
Edgeworth expansion for ergodic continuous-time processes. Martingale approach
and mixing approach developed by Yoshida [28] and Yoshida [29] respectively are
widely applicable to general continuous-time processes. Regenerative approach
developed by Fukasawa [12] is applicable only to strong Markov processes but
requires a weaker condition of ergodicity. We exploit the last one because em-
pirical studies such as Andersen, Bollerslev, Diebold and Labys [1] showed that
the volatility is “very slowly mean-reverting”, that is, the autocorrelation function
decays slowly. As a result, we do not need to require that the volatility is geometri-
cally mixing. This article extends the results of Fukasawa [12] to triangular arrays
of additive functionals. This generalization is rather complicated but straightfor-
ward; therefore we defer this to Section 3.

2. FAST MEAN-REVERTING MODEL

2.1. Review. Here we review an asymptotic theory for the stochastic volatility
model developed by [8, 9]. The main result of this article is described in the next
subsection. In [8], a family of the stochastic volatility models

2.1

{ dS€ = rSdi + f(X)S AW,
‘/7

ax; = (Lon - X0 = SEACED) ) dr + 2Zaw,

is considered, where W = (W;) and W¥ = (W;O ) are standard Brownian motions
with correlation (W, W¥), = pt, p € [-1, 1]. For fixed € > 0, $€ = (§7) is supposed
to be the asset price process under risk neutral measure and r € R is risk-free rate.
Other parameters m, v are constants, f is a positive function, and A is associated
with the market price of volatility risk. For a given payoff function 4 and maturity
T*, the European option price at time t < T*

(2.2) PE(t,5,v) = e " TIPS IS E = 5, XE = V]
satisfies
1 1
(2.3) (—Lo +—=L + Lz)Pe =0, PT*, s,v) = h(s)
SN
where
9? 0
27 N
Lo=v P + (m V)av
9? 0
(2.4) L= \/Epvsf(v) - V2vA() =,
0sov ov

8 1. ., P
LA AL
Lo=g 3/ s ag +rlsge =
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Notice that Ly is the infinitesimal generator of the OU process
(2.5) dX, = (m — X,)dt + v V2dW,

and L, is the Black-Scholes operator with volatility level f(v). By a singular per-
turbation expansion around € = 0, one obtains

(2.6) P¢ = Py + VeP; + O(e),

where Py is the Black-Scholes price with constant volatility +/7[f2], 7 is the er-
godic distribution of the process X = (X;), and P is represented in terms of deriva-
tives of Py and several expectations with respect to 7. More precisely, [8] gave an
expression

+V
0s? 3% 0s3

where V; and V3 are constants depending on e. The validity of the expansion (2.6)
is proved in [9] ( see also [5, 18] ) under the assumption that / is continuous and
piecewise smooth, and f, 1/f, A are bounded. In terms of modeling, however, this
assumption seems too restrictive in that it rules out common stochastic volatility
models such as the Heston model. Also, the continuity condition of 4 is not satis-
fied when considering digital options. The aim of the present article is to show that
these assumptions of boundedness and smoothness are totally unnecessary. Our
approach is quite different to the singular perturbation expansion. It sheds light on
the relation between the option price and the underlying price distribution.

Before we state our result, it should be explained what is the intuition of € — 0
and how we can apply the expansion (2.6) in practice. To fix ideas, let A = 0 for
brevity. Then X; := X¢, satisfies

Zp 3P
2.7) P+ VeP; = Py — (T* — t)(stza 0 3&),

(2.8) dX, = (m — X)dt + v N24W,,
where W, = € /2W,, is a standard Brownian motion, and it holds
(2.9) ds¢ =rSedt+ f(Xye)S EdWY.

Hence € stands for the volatility time scale. Note that
(2.10)

1 t/e t/€
(log(S)), = f F(RyPds = € f FR)2ds ~ € f FXPds — 7l f2)
0 0 0

by the law of large numbers for ergodic diffusion, where X = (X;) is a solution of
(2.5). This convergence implies the log price log(Sy) is asymptotically normally
distributed with mean rz — x[ f 21¢/2 and variance 7| f 2]¢. This asymptotic argument
is a quite plausible way of reducing a general stochastic volatility model to the
Black-Scholes model by exploiting the ergodicity of the volatility process which is
widely accepted. It should yield a valid approximation as long as the time to the
expiration T* — t is large enough for the volatility process to fluctuate sufficiently.

As a practical application, in [8], the authors proposed its use in calibration
problem. They derived an expansion of the Black-Scholes implied volatility (IV)
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from (2.6) of the form

M+b+0(e)
T* —t ’

where K is the strike price, S is the stock price, T* — ¢ is the time to the maturity, a
and b are constants connecting to V; and V3 as

(2.11) IV=a

(2.12) Vo =5((@-b)—a(r+ %&2)), Vs = —ad>, ° =na[f?.

The methodology they introduced consists of (a) estimation of & from historical
stock returns, (b) estimation of a and b by fitting (2.11) to the implied volatility
surface, and (c) pricing or hedging by using estimated &, a and b via (2.7) and
(2.12). This approach captures the volatility skew as well as the term structure.
It enables us to calibrate fast and stably due to parsimony of parameters; we have
no more need to specify all the parameters in the underlying stochastic volatility
model. As we show later, the fist step (a) can be eliminated and the validity of the
expansion is assured in theory for a quite large class of stochastic volatility models.

2.2. Main results. Now, we describe a generalized model and the main results of
this article. We consider the following stochastic differential equation;

(2.13) dz; = p(Xpdt + e(X)dW; + y(X)d W],
' dXt = b(Xt)dt + C(X[)dW[,
where Z; = log(S ) is the log price process, u, ¢, i, b and ¢ are Borel functions, and

(W, W’) is a 2-dimensional standard Brownian motion. We introduce the volatility
time scale parameter € as

(2.14) dZ; = u(Xye)dt + o(Xy)dWi + Y( Xy e)dW/e,
' dX, = b(X,)dt + c(X;)dW,,

where (W€, W’€) is a 2-dimensional standard Brownian motion defined as

(2.15) Wi = €' PWye, Wi =€e?W,.

Putting X; = X,/., we have

(2.16) { dZ; = p(Xp)dt + o(XP)dWy + y(Xp)dWye,

dXs = e 'b(XO)dt + € 12c(XE)dWE.

It is then natural to assume that (Z€, X€) satisfies under risk-neutral measure P¢
with constant risk-free rate r the following stochastic differential equation

e[ eXD? +u(Xp)? o o
(2.17) z; = {r 3 }df + @(X)AWE + y(XE)dW/,

dXS = € '(B(XS) — A(XE))dt + € 12 c(XE)dWE,

where A, represents the market price of volatility risk and is supposed to be o(1)
as € — 0in a sense specified later. In particular, we set Ag = 0. Note that even if
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Ae(v) = A(v) + o(1) for a Borel function A, the following argument remains valid
by incorporating 4 in b. Notice that the case of

o) = pf(), Y(v) = 1 -p*f(v),
b(v) =m—v, cv) =vV2, A(v)=vV2eA®m)

(2.18)

in (2.17) is equivalent to the original fast mean-reverting model (2.1). By rewriting
(2.17) for X with initial condition Zg = (0, we have

t/e
ZIE =rt— g jO‘ {‘p(Xs)z + Qb(Xs)z}ds

(2.19) e e
+ Ve f P(X;)dW; + Ve f W(X)dW,
0 0
and
(220) dXt = bE(Xt)dt + C(X[)dW[,

where b, = b — A..

Condition 2.1. The Borel functions ¢, s, be, ¢ are defined on R, sup. |be| is
locally integrable, and ¢, s, ¢ and 1/c are locally bounded.

Under Condition 2.1, put

b
2.21) y:= — limsup » f(vz).
|[V]—00,e—0 C(V)

For example, v = oo in the OU case (2.5). Note that if
(2.22) liminf P 2c(v)? > 0

[v|—>e0

for p > 0 and 2y > p — 1, then the volatility process X is ergodic for each fixed €
with ergodic distribution

(2.23) 7e(dv) = ﬁ exp {2 fo ' %dw} dv,

where ¢, is a constant:

11 " be(w)
(2.24) C_e = [m )2 exp {ZL e dw} dv.

This is a simple consequence of a well-known fact that a one-dimensional diffusion
is ergodic if its invariant distribution has finite total mass and if s¢(R) = R, where

(2.25) se(v) = leov exp {—2 fou lc)zv(:;)dw} du.

See e.g. [26] for the detail. We need the following stronger assumption of the
ergodicity.
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Condition 2.2. Condition 2.1 is satisfied and there exists p > 0 such that

: 1+ o) +y(v)?
(2.26) 2y +1>4p, limsup
|v]— 00 |V|p_2C(V)2

If ¢ and ¢ are of polynomial growth, we can see that the above assumption
is satisfied by strongly dependent ergodic diffusions beyond exponentially mixing
diffusions such as the OU process ( see [12] ). Put

X 2
2.27) Fo(x) = fo %dv, L5 = be(v)% L %C(V)Z%.
Condition 2.3. At least one of ¢ and s is not identically 0 and there exists a closed
interval I C R such that
(1) F ; = ¢/c is absolutely continuous on R,
) L?(F o and <p2 are continuous on 1
3) ife#OQ, then 1, .[:%F o and @ + ¢ are linearly independent on I,
4) LS F, converges to L?(F o uniformly on I as € — 0,
(5) if ¢ £ 0, then inf; > > 0 and Y* is continuous on I.

Theorem 2.1. Under Conditions 2.2 and 2.3, the European option price (2.2) of a
bounded payoff function h with S € = exp Z¢ satisfies

(2.28) PE(1,5,v) = POz, 5) + VeP'(t, s) + O(e)

foreveryt,s,v, where
(229) Pt 5) =D f h(sexp((r — o2 /2)(T* — 1) + o NT* — 12))¢(2)dz
is the Black-Scholes price with volatility

(2.30) o? = 02 = 1 [@*] + ne [y,

e =

and

P, s) =70 f h(sexp((r — o2 /2)(T* — £) + o NT* — 12))

(2.31) 5 5 3
¢(2) {_;(Z -1+ W(Z - 32)} dz,
where
(2.32) 0=- f‘” fx (e)? + y(v)? - 0'2)7Te(dV)de.
oo Joco c(x)

Proof Assume without loss of generality that + = 0. Fix the maturity 7* and put
T = T*/e. Define o as (2.30). Let

233) K7 =( f (P(X,) + VA(Xy) - s, f o(X,)dW, + f w<xs>dW;)
0 0 0

and
(2.34) AT(x,y) = NT*y = T712T*x)2.
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Observe that

*

T T
VTAT(KE/T) = %( fo @(X)dW, + fo w<x,>dW;)

—Ef( 2(X,) + YP(X,) - o2)dt
o J, '

(2.35) T*/e T* /e
= \/E(f e(XdW; + %l’(Xt)th/)
0
e (T 2 2 2
- Ef (X)) + UA(X) - P,

0
so that from (2.19),
(2.36) n(SS.) = HNTAT(KL/T))
with
(2.37) H(z) = h(sexp((r — o2 /2)T* + 2)).

Now, let [xp,x1] = 1, say, and Py [-] = P[-|Xo = xo]. Define a sequence of
stopping times {7} as

(2.38) 70=0, Tj41 =inf{t>Tj;X,:x0 sup XSle}.

s€[r,t]

The proof exploits the fact that K = {K,T } is decomposed by {7;} into a sum of
independent variables due to the strong Markov property of X. We use also the
following well-known fact; for every m.-integrable function g, it holds

1 &
(2.39) melgl = P—[n]P’“) [ j; g(Xf)dt], Prlt1] = 2|se(x1) = se(xo)l.

See e.g., [26] for the detail. Applying Theorem 3.1, Propositions 4.2, 4.4 and 4.7
below, we obtain the Edgeworth expansion

(2.40) Pe(t,s,v) = fH(Z) {¢(Z; vy = T*§ \/283¢(z; VT)} dz + O(e),

where ¢(-;v7) is the normal density with mean 0, variance v/’ which admits

W= P\/_LT*PXO [fﬂ oKW, le (¢(Xt)2 + lﬁ(Xt)2 _ O-Z)dt]

(2.41) wlT1] OT 0

1 p, [ f (@(X0)* + w(X)P)dt| + O(e)

Pxo [11] 0

and

1 T1 T 3

0 =———Py (f SD(Xt)th"'f w(X,)dW,')
6P [71] 0 0

(2.42)

S " " o 2
PP [Tlfo SO(X')dW’} P [fo (e vt )dt}'
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Since
(2.43) ot = #Pxo [ f " (P(X)* + w<xf>2>dr] ,
P[] 0
we have
(2.44) §= =Py [ f ) P(X)dW, f Tl(so(on +Y(X,)* - az)dz]
2P, [11] 0 0

by It&’s formula. Hence v!' = 02T* — 26T /e + O(e). In order to see (2.32) holds,
use It6’s formula to have

(2.45) f " (0(X)* + w(X,)* — o?)dt = — f " g(X)e(X)dW;,
0 0

where
(2.46) 8(&) =2(s) (&) f (e)?* + y()* — oP)me(dn),

and then, use the Itd identity. Taylor expanding (2.40) with v/ around o>T*, we
have the result. I

In order to deal with ¢, ¢ and 1/c? of exponential growth, it is however more
suitable to work with the following condition. Put

b b
(2.47) v+ = — limsup bev) y_ = liminf bev)

v—00,6-0 C(V)2 , v——00,e-0 C(V)Z .

For example, v, = y_ = oo for the OU case (2.5). Note that if both y, and y_ are
positive, then y = oo, so that the positivity of v, implies that the diffusion is more
strongly mean-reverting.

Condition 2.4. Condition 2.1 is satisfied and there exist k., x— > 0 such that

1 2 2
(2.48) e > 2, limsup it £V HYW)
Vo t00 ek=Me(v)2

Theorem 2.2. Under Conditions 2.3 and 2.4, the same conclusion holds as in
Theorem 2.1.

The proof of Theorem 2.2 is the same as that for Theorem 2.1. It is now straight-
forward to obtain the following corollary.

Corollary 2.3. The put option price (2.2) with h(s) = (K — s)+ admits the valid

expansion
0
(2.49) P(t, s5,v) = P, 530, K) — —\fsrb(dl )da + O(e),
a
where
(2.50) P, 5,0, K) = Ke " T "ON(=dy) — sN(-d,)

is the Black-Scholes price with volatility o of (2.30) and
_log(s/K) + (r + o/2)(T* - 1)
oNT* -t

(2.51) di , dy=dy —oNT* —1.
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In particular, the implied volatility IV admits the valid expansion

(2.52) IV=0- ﬂ + O(e).
T*

Note that the call option price is also expanded in the light of the well-known
put-call parity. We assume only the boundedness on /4, so that the digital options
can be treated; it has not been proved so far that the digital option prices admit the
singular perturbation expansion even in the OU case (2.1). Using (2.52), which has
the form (2.11), one can calibrate the two parameters o and 6 v/€ from an observed
volatility surface. This approach is an alternative to the methodology (a),(b),(c)
described above; one can omit the step (a) requiring the use of historical data.
In case that b = b — +/eA for a Borel function A with a suitable integrability
condition, it could be deduced

(2.53) e = 0+ Vea+ O(e)
with
(2.54) & = mole” +y?l, f f (@) + Y (v)* = 3*)mo(dv) (( )2

Hence A induces a volatility level correction as noted in [8]. It is now straight-
forward to see our expansion is consistent to [8] with V, = 2V3 — da+/e and
V3 = = +e.

It should be noted that § is proportional to the asymptotic skewness of the log
return distribution, which is easily seen in the expression (2.31). In addition, we
can see from (2.31) that ¢ controls also the fatness of the distribution tail. The
relation among the return distribution, option prices and the parameters of the sto-
chastic model was studied in [15] for the Heston model. Although the second-
order expansion explains only the volatility skew as noted in [8], it is possible to
incorporate the volatility smile by studying the next term of O(e). The Edgeworth
theory developed in the next section could be extended to admit the higher-order
expansion given a suitable moment condition. However, we restrict ourselves to
the second-order case in order to avoid tedious calculation.

Example 2.4. Consider the following fast mean-reverting Heston model
2.55) dS¢ = SE(rdt + \VE(pdW, + 1 — p?dW)))
' dVe = —e (aVe — b)dt + € '2c\[VEdW,

for positive constants a, b,c. We assume 2b > ¢ so that V€ is ergodic for each
€ > 0. Since V¢ stays on the half line (0, o), we cannot apply directly the preceding
theorems. Put X¢ = log(V€) therefore. Use It6’s formula to have

(2.56) dX€ = —€ Ya— (b - c*/2)e Xyt + € V2 ee X 2aw,,
or equivalently, X; = X¢, satisfies

(2.57) dX, = —(a — (b - /2)e X)dt + ce X *dw,.
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Then, Condition 2.4 holds with

b 1
(2.58) Y+ =00, Yo = > — 3, Ky =2, ko =0.
c 2
Applying Theorem 2.2, we assure the validity of the expansion formula (2.31) with
b pbc
2.59 2= =",
( ) 7 a 2a?

Here we used the fact that the the ergodic distribution of V¢ is the gamma distribu-
tion with scale 2a/c? and shape 2b/ ¢?; the calculation seems correct though (2.59)
contradicts (5.10) of [19].

Example 2.5. Consider

2.60) dS¢ = SE(rdt + \[VE(pdW; + 1 — p2dW}))
' dVe = —e 1 (aV§ - b)dt + € V2 c|VE[2dW,

for positive constants a,b,c and @ € (1/2,1]. Since the scale function sV of Ve
satisfies sV((0,©)) = R, we can apply Itd’s formula to X¢ = log(V¢) as in the
preceding example to have

(2.61) dX¢ = —€ Y(a - be™ + 27 210X 12yt 4 120X gy,
If @ < 1, then Condition 2.4 holds with

(2.62) Ve =00, kKt =3 -2a, k_=0.

If @ = 1, it holds with

(2.63) Ve = — +
provided that 2a > 3¢2.

3. EDGEWORTH EXPANSION FOR REGENERATIVE FUNCTIONALS

3.1. Conditions and a general result. In this section, we develop an Edgeworth
theory for triangular arrays of general regenerative functionals, which extends [12].
Additive functionals of ergodic diffusions are treated in the next section as an ap-
plication. Let PT = (QF, FT {FT}, PT), T > 0 be a family of filtered probability
spaces satisfying the usual assumptions and K7 = (K!) be an {F! }-adapted cadlag
process defined on P”. Denote by P[] the conditional expectation operator given
FT'. For a given sequence of increasing {F!}-stopping times {T]T.} with Tg =0,
TJT—>ooasj—>oo,put

G K =(K],

T _wT _ T T __T _ T _
JJ)[ZO ’ (KJ'J - KI+TJT. KTJT’ lj =T =T J= 0.1,2,...
We say that K7 is a regenerative functional if there exists such a sequence {TJT.}
that
(a) (7(].T, ZJT.) is independent to FTTT foreach j=1,2,...,
j

(b) (7(I.T, l/r), j=1,2,... are identically distributed.
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In particular, 7_(j.T = (‘KJ,TIT, IJT), j=1,2,... are an iid sequence and independent
) 4
to 7(0T = (7(OTIT, lg ). In the following, we assume that K7 is an n-dimensional
"0

regenerative functional and that Var” [7_(17] exists and is of rank n’ + 1 for j > 1.
Without loss of generality, assume

(3.2) KT =(GI.NT D), j=1,
where GJT. is n’-dimensional and the variance matrix of (GJT, ljr) is of full rank. Put

my =Boll}], mg =B (G, my =BG INT],

(3.3)
1= () = (mg,my)my,
and
T T T T T T T, T
(3.4) K; =(G;.l;), G; =G, —limg/my.
Due to the definition, it is not difficult to see a law of large numbers holds:
(3.5) K' )t - u”

in probability as t — oo. Further, a central limit theorem
(3.6) VK] 1= ") = NO,VT)

also holds, where V7 is the asymptotic variance matrix. Our aim in this section
is to give a refinement of this central limit theorem. More precisely, for a given
function AT : R* — RY, we present a valid approximation of the distribution of

(3.7) VT(AT(KT/T) - AT ("))

up to O(T~') as T — co. As far as considering this form, we can assume without
loss of generality that Pg [|NjT|] = 0 for all j > 1 in (3.2). Further, for notational
simplicity, we concentrate on the case d = 1. Put

(3.8) (ui ) = VarlG{1/m[, p" = (o) = Cov[G{,[]]
and
(3.9) Fi i = G 1y = DX H Ly = P1 e = Pkl )/ 5

where (KZ .m) 18 the third moments of GIT.

Condition 3.1. Put N = (n’ +2) V 4. Then

_ 7
(3.10) lim sup {Pg (KT 2]+ IR N + P! { f KT 2dr } < co.
T—o0 TIT
Condition 3.2. Let W7 be the characteristic function of KIT
(3.11) P (u) = P{ [expliu - K] }].
Then
(3.12) lim sup sup [¥7 ()| < 1

Tooo  |u>b
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for all b > 0 and there exists p > 1 such that

(3.13) lim sup f T ()P du < co.
Rn'Jrl

T—o0

Note that under Conditions 3.1 and 3.2, it holds

(3.14) 0 <lim inf‘i?fl Pl lla - KT1*] < limsup sup P} [la - KT 1] < oo,
—0 aj= T—oo |al=1

that is, the largest and smallest eigenvalues of the variance matrix of KIT is bounded
and bounded away from O for sufficiently large 7.

Condition 3.3.
(3.15) lim infm] > 0.

Under Conditions 3.1 and 3.3, the quantities u”, le)’ (,uzlm) are bounded for
sufficiently large T'.

Condition 3.4. There exist { > 0 and Ty > 0 such that for B({) := {x € R"; |x| < },
(1) AT : R* = R is four times continuously differentiable on u’ + B(() for

T > T,
(2) all the derivatives up to fourth order are uniformly bounded for T > Ty on
T
'+ B(Q),
3)
(3.16) 0 < lim infv! < limsupv! < oo,
- T—o0
where
nl
(3.17) vVi= Y uihial a), = 0,AT ().
k=1
Put
(3.18) a’ =(a)) €R", af, = AT (u").
Denote by ¢ the natural inclusion: R" 5y v,0,...,0) e R

Theorem 3.1. Let Sy be the set of Borel functions on R which are uniformly
bounded by M, M > 0. Under Conditions 3.1, 3.2, 3.3 and 3.4, it holds

(3.19) PYTH(NT(AT(KE/T) — AT (")) = f H@Pr()dz + O™

uniformly in H € Sy, where Pr is defined by

AT
(3.20) Pr(z) = p(z;v0) + T2 {A{pl(z; vl + fpg(z; vT>},

o(z; v1) is the normal density with mean 0 and variance vl

(3.21) p1vh) = =3z V"), pa(zv’) = - p(z0V7),
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and
1 & 1 o Wp")
T _ T T . T JplrepT T T
Al =5 ) ajufy+a” ABJIKL] + B fT Kldr|- 21,
k=1 my 7 mp
(3.22) . ;
T _ T T T,T T T T T, T
Az = A A Qi + 3 Z Qg g (- -
k,lI,m=1 Jok,,m=1

3.2. Proof of Theorem 3.1. The proof is essentially the same as that of Theorem 1
of [12]. Asin [12], we assume without loss of generality that u” = 0 and A7 (0) = 0
We start with a general lemma.

Lemma 3.2. Let X;? be a triangular array of k-dimensional independent random
variables having a mean 0, k € N. Assume that X;.’ ~ X{ for all j and that

(3.23) lim sup E[|X7]'] < o0

n—oo

for an integer s > 4,

(3.24) lim sup sup [¥"(u)| < 1, lim supf [P"(u)|Pdu < oo,
n—oo  |ul>b n—oo Rk

for all b > 0 and for some p > 1 respectively, where

(3.25) V" (u) = Elexpfiu - X{}].

Then, S" = m~'/2 ’;’:1 X;.’ has a bounded density p), for sufficiently large m and
n. Further, it holds

sup(1 + |x]*)

xeERK

P(x) = (x;0,v")
(3.26)

6\/_(1;1 abca abac¢(x 0 V ) = O(m—l)

uniformly in n > ng, for a sufficiently large ng, where V' is the variance matrix of
X{, K. are the third moments of X7.

Proof This lemma is a variant of Theorem 19.2 of [3]. Although the distribution
of X| depends on n, the assertion is proved in a similar manner with the aid of
Theorem 9.10 of [3], due to our assumptions. For example, we have ( and use )

(3.27) 0 < liminf mf Ellu - X"l ] < limsup sup E[|u - X"I ] < o0.

n—co  |ul=1 n—co  |ul=1

i
Step 1 [The regenerative method]: Let 7 : R” — R be the projection onto

the first n’-dimensional subspace. Put a = m{,

n T —am
3.28 7 GT VI = I —a), b =
(3.28) Z (G), T 2 Z( @), N
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form > 1 and U] = V] = b} = 0. Notice that (U}, V) is a sum of iid vari-

= m> m

ables and independent to (KTTT,TIT). Put My = max{M > O; Z,’Z’:O 1,2 < T}. By
1

Chebyshev’s inequality and (3.14), we have Pg T — aMy| > 6T] = O(T™) for all

60 €(0,1). Let 6 € (0,1/2) be fixed. By decomposing

(3.29) K] = K, + Nmu(U}) + R},
1

on the set {M1 = m}, we have

PLIH(NTAT(KE/T))]
(3.30) _ Z By Ly (KL UL RO (] Vi I 1+ O(T ™Y,
m;|T—am|<8T :

where

(3.31) Ry, = RL(t], Vi), Ry(Lm) = K =K7 . T(ln) = (I+ Nmnp+am) AT

m m

form > 0,
(3.32) uh [(f.é,r) = HNTAT(f + Nmu@) + 1)/ T))

and :,l/rTn , 18 the indicator function of the set

(3.33) {(Ly,t) e R*0 < Vm(bl — ) =1 < 1}.

Since H is bounded by the assumption, the estimate (3.30) is uniform in H € Sy.
Hereafter, we always drop “uniformly in H € Sy” for short whenever stating
identity with O(T~"). Besides, we write 2om:r tO MEAN 317 _gmi<s7- Remind that
a depends on T but is bounded and bounded away from O for sufficiently large
T by the assumptions. By Lemma 3.2, there exists a bounded density pl (&, 7) of
(UL, V), so that

m> 'm

Pg[wi]([{fr, U,Q,Rﬂ)%,z(f?, VnTw l;{m)] =
(3.34) T | T T T T
f Y (s & W (L, ) Op(dr, dt; T — Ty (L, m) Qr(df, dD) py, (&, mdédn,

where QIT,(-) and QITQ('; t) is the distribution of 7_<0T and (K IT B llT) respectively. Fur-
ther, applying Lemma 3.2 again with s = N, with the aid of Lemma 3.3 below, we
have

P§Iy(VTAT (KT /T))]
335 =, f U d (s & Wm o (L, DOR(dr, di; T = T (L) Qe (d f, dl)
m;T

x ¢ (€ m {1 +m ' 2pT & m)dédn + O(T™),

where ¢7 is a normal density and p” is a polynomial, which are determined by the
variance matrix and the third cumulants of KlT
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Lemma 3.3. Ir holds

m2( 7, 1) T . T _ -1
(3.36) Z f e |nlz)QR(dr, dt;T — Ty (I,n)Qp(df,dD)dn = O(T™")

Proof By changing variable: n = (v — am — [)/ v/m, the summand is equal to

(3.37) m_3/2f{1+

Observe that

2
v—am-—1

-1
1(0<T—v<) O (dr,dt; T — v)QL(df, dl)dv.
\im

-1
_32 —am—1
2" { i ’}
v—au-—I

(3:38) 1-8)T/a)?{2+ 1+—2_1d
< —
(« /e ﬁoo VA +6)T/a N
=((1- (S)T/oz)_3/2 {2 + (1 + 6)T/cx3} = O(T_l).

1

Step 2 [Calculation of the sum over m] : Here we deal with the sum over m
by changing variable and using Taylor’s expansion. Put

(3.39) o7 s for) = H(\/TAT (% + f;f r))

for f,r € R", and
(340) " =g {1+m ' PpTY, @l = @;0""VL, 1 = Owad™"

Changing variables: & = u\T/m,n = (v — am — )/ \/m and using Taylor’s expan-
sion, the summand of (3.35) turns to

T n'/2 -
—) fl// (u; f, ) Ljo<r—v<s)

Vi \m

CAD g™ (Vau, bl + 7 (Ve bl - 67 + 81" (N, Blyey + A7)
X Qr(dr,dt; T —v)QL(df, dl)dudv,

where

(3.42) 0 = (NT/m— Nayu, 0= -1-T)/Vm

and A™ is a negligible reminder term as we see in the following lemma.

Lemma 3.4. It holds

n /2
f A 0er—e
(3.43) o T

Ok(dr,dt; T —v)QL(df,dDdudv = O(T™).
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Proof We can put A™ = AT + AT, + A¢, where

A;"O_Zf(l—s)aajgzs”(«/_uﬂe’” by, + s6;)ds(02 )46} »

1]1

1
(3.44) A;’flzz f 2(1 = )80 116" (Nau + 56, by, + s6;)ds(07'} 6, ,
10

1
Al = fo (1= )8 ™" (Naw + 567, by, + 505 )d {6y}

We shall show that these A;”j’s are negligible up to O(T~"). Notice that

-1
([T ) [T 1
(345 0< aﬂ( - 1]—(&) ( am+1 <a(1+(1+6)‘1/2)’

so that IH’"I < m‘l/ZCIbTul for m with |T — am| < 8T and some constant C. In the
followmg, we use € and C as generic positive constants independent of 7" and m. It
also holds | Vau + sé?’”l2 > au?/(1 + 6) for all s € [0, 1], so that

T2
(3.46) f AY oldu < Clow| f exp(—elby, + s67'*)ds.
Since

D mPIb] P exp(—elb], + s )

-3/2 T — am| (T —am—s(T —v+1)
<CT Z T exp{ T+5)

m=—00

3.47
(347) SCT—3/2{1+|T—v+1|2/\/T+

f°°|T—a/z—s(T—v+l)|2 { ea(T—az—s(T—v+l))2} }
exp+— dz
o T T(1 +6)

<CT'A+|T-v+1*/T)

uniformly in s € [0, 1], we conclude

1 T n’/2
Z _— (Z) f|Ag1’0|dul{0§T—v<t}

(3.48) 7 m
Qk(dr,dt; T —v)QL(df,dDdv = O(T™).

In the same manner, we obtain

1 T l’l’/z
S lh)” [t
m;T

<CT T -v+ llzl{og—v«}

(3.49)



ASYMPTOTIC ANALYSIS FOR STOCHASTIC VOLATILITY: EDGEWORTH EXPANSION 17

and
1 (T\"/?
Y= (a) [ amlantioer
(3.50) 2 Nm \m
<CT T —v+ 1 +|T = v+ 1/ V) o<r—yey
hence A1, and Ag also are negligible. /1]

It suffices then to cope with the expectations of the following terms with respect
to Q(dr,dt,df,dl,dv): = lo<r—venQ(dr,dt; T = v)Q(df, dl)dv;

T, = Z 1 (Z)n’/waT(u,f r)¢T,m( [oou bT}du
w7 NmAm e > Om )&y
_ 1 (T\'/? - - .
ey P mz; ym (m) fl// (s f. )¢ (N, by )du - 6
_ 1 (T\"/? - - . .
T3 = ; i (m) f‘ﬁ (u; £y )¢y " (Nau, b, )dudy'.

In the sequel, we write S| = S, to mean

(3.52) f(S (1, £ L,v) = So(r, 1, £, 1,V)Qdr, dt, df, dl, dv) = O(T ™).

Following Malinovskii [20] ( see also Section 4.2 of [12]), we obtain

T = f WG £, 1) f " &P T (au, d)

{1 + \/g(pT(\/c_yu, Q) + M)} dAdu.
T 2a

In the same manner, we can prove 73 = 0 and

(3.53)

an’/Z—l 00
(3.54) T, = f f (s f, Pu - et (Nau, )AdAdu.
2T JJ-wo ¢
Further, integrating in A, we have
T1 + T2
(3.55) 1 f ; ol gty 1 SN,
=— | ¥ s f,Ng w1 - + i Py () ¢ du,
@ g aVT — 6NT ,.,,.,Zkél LI

where ¢, is the n’-dimensional normal density with mean 0, covariance matrix

),
(3.56) ¢ = a0~ D), P ) = =)™ 000k pu(w).

Step 3 [Transformation by A” and calculation of the coefficients]: This is
the last step of the proof. In order to deal with the transformation by A7, we need
a variant of Lemma 2.1 of Bhattacharya and Ghosh [2]; unfortunately, we cannot
directly apply it because AT depends on 7 and the additional terms f and r are
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involved, which derive from the first and last blocks in the decomposition of K.
Put AT4(u) = AT(u(u) + &) — AT(0) for u € R and ¢ € R". (Recall that we are
assuming u” = 0 and AT(0) = 0.) Let By € R" be a neighborhood of 0 and ¢y > 0,
Ty > 0 be constants such that

(1) AT¥ is four times continuously differentiable in u on By for every T > T

and |£] < Zo.
(2) all the derivatives up to fourth order are uniformly bounded on By, T > T

and |¢] < 4o,
(3) infigj<z. 57, VI > 0, where

(3.57) yT4 = Z/‘k hfal, ant = 8,AT4(0).
k=1

Put

(3.58) a™ = (@) eR", a,f = AATH(0)

and

(3.59) w4 u) = HNTAT (u/ NT) + NTAT (0)).

Note that wT’g(u) = 1//T(u; f,r it { = (f +r)/T. By the argument of Lemma 2.1 of
Bhattacharya and Ghosh [2] ( see also Theorem 2.2 of Hall [14]), we have

T . g1 1 &
f w‘%mmm{l -~ af’ﬁ(u) t o ﬂfj,kpﬁj,k(“)}d”

i, jk=1

(3.60)
= f H(z + NTAT(O)Pr(2)dz + O(T™Y)

uniformly in £ € B({y), where Pr. is defined by
T AY¢
B6l)  Pri@)=d@v O+ T {Al’g“m(z; O+ sz vT%)},

#(z; vI*%) is the normal density with mean O and variance vI<, and

p1(zV) = =3¢z v"),
3@V ) = =P Pz "),

re_ 1 e, 1 TS, T

(62 A =—o > @l g ) aug,
= k=1
n/
TS _ TG T, TS T TS T, TS T, T
A" = Z a " Py g + 3 Z a;”a
klm=1 iKm=1

Now, since

(3.63) [ troanondsag.aian = o,



ASYMPTOTIC ANALYSIS FOR STOCHASTIC VOLATILITY: EDGEWORTH EXPANSION 19

we can take = (f + r)/T and change variable w = z + \/TAT(Q“) to have

T . - 1 s
T f, s ) T op d
fw (u; f r)@(u){ 7 tevr i’JE’k:,lﬂ,,.,,kPi‘,],k<u> u

(3.64) .
R A
= f Y(w) {¢<w; v + %(A{pl(w;ﬂ) - %pg(w; ﬂ)} dz,

where Aj = a - (f +r—up")/a) + 3, azj,qu/Z. Finally, taking the expectation
with respect to O, we obtain (3.22).
4. EDGEWORTH FORMULA FOR ERGODIC DIFFUSIONS
4.1. Notation and assumptions. Here we treat a family of Ito6-diffusions
(4.1) dx! = b"(XDdt + T (X )aw?"

defined on a filtered probability space (QF,FT,{FT}, PT) and regenerative func-
tionals K7 of the form

! t
( fo FT(xXTyds, fo G XTaw!T ..,

42) t
f &, (X)AWST FT(X[) ~ FT (X5 )),
0
where f7, ¢" = (¢gl,...,gL), F' are ny, ny, n3-dimensional Borel functions
on R respectively, (W7, W!T ... W"T) is an np + 1-dimensional standard {F7}-

Brownian motion, and b, ¢! are one-dimensional Borel functions on R. Our aim
here is to give sufficient conditions for Theorem 3.1 to hold. Let £; and Ly be
the sets of the locally integrable functions and the locally bounded Borel functions
respectively. We assume the following condition throughout this section.

Condition 4.1. There exist To > 0, b, be L, a € Lgsuch that forall T > T,

(4.3) b<b"/IK"P <b, (FTIVIfTIVIETPVD/ITP <a,
and
o 0 Cl(V)
(4.4) f sT(v)dv = f sT(w)dv = oo, f dv < oo,
0 —00 R ST(V)
where

-2 [ b(w)d >0,
(4.5) sT(v)z{eXp{ b Bondu} v

exp {2 fvo Q(W)dw} v < 0.

Define the scale function sg and the speed measure ng corresponding to (4.1) as

v u T
46) st = f exp{—Z f de}du, wl(dv) = —2
0 0

' (w)? T WA(sHy )’



20 MASAAKI FUKASAWA

where (s? )’ is the first derivative of s{. Note that

(v)
4.7) 1s7(B)) > fB s'wdv, 7l (B) < fB ;(vv)dv

for every Borel set B C R, so that
(4.8) ssR) =R, M" :=x}(R) < co.

Hence the process X7 is ergodic for each T ( see e.g., [26] ) and KT of (4.2) is
actually a regenerative functional with respect to {TJT.} given by

4.9) TJT.+1 = inf{r > TJT;X,T = x and there exists s € (T]T-, 1) such that XST =y}

with Tg = 0, where x and y are arbitrarily fixed two distinct points. This fact is due
to the strong Markov property of X7 . Put

(4.10) sTw) = M"s{ ), n'(dv)=nr}(dv)/M".
Then, as is well-known, 77 is the ergodic distribution of X7, so that
4.11) Kl [t u" = (x"1f71.0)
ast — oo foreach T > Ty. It also holds
4

(4.12) Pt f e(XDydt| = P'[7) — w1 17" [¢]

il
for every positive ¢ € Lp. Hereafter, we often omit the upper script T for short;
4.13) X:XT,Wj:WjT,f:fT,szT]T,c:cT,SZsT,...

Note that s(X) is a local martingale by Itd’s formula, so that there exists a standard
Brownian motion B such that X = s‘l(B<s(X)>) ( see e.g., [17]). In particular, we
have

(4.14) f " (X)) = f weo e (B))
0 0 &(By)?

for every stopping time 7 and ¢ € L, where

(4.15) ) =) = e(s )5 (s ).

When considering a hitting time

(4.16) 7(z) = inf{t > 0; X; = 2}

for z € R, we have

(4.17) X)) = T(2),

where

(4.18) T(z) = inf{s > 0; By = s(z)}.

Hence,

(4.19) f " e(X)dt = f " Mdﬁ
0 0 &(B)?

This identity plays an essential role in the following argument.
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4.2. Smoothness without independent components. We first consider the case
ny = 0in (4.2) to give sufficient conditions for Condition 3.2 to be satisfied. More
precisely, we treat

(4.20) K/ =(f S Xs)ds, F(X;) — F(Xo) |,
0

where

(4.21) f=Usfn) F=Fr, 0 Fyy).

What we want to show is that the conditional distribution of KTT1 — ul'ry given
Xo = x is smooth, so that we can assume [ f] = 0 without loss of generality. Here
we take n = n; +n3 and n’ = n;. The following lemma is a slight generalization of
Borizov’s lemma [4].

Lemma 4.1. Let x < y be fixed and suppose Xo = x. Let ¢ = ¢! € Lp and suppose
lp(W)
4.22) M, = sup _— .
i ve[2x—y,y],T>Ty C(V)zs/(v)2
Assume there exists an interval I C (x,y) such that

()

(423) My = vel, T>T W .

Then the distribution of

7(y)
(4.24) f @(Xy)dt
0
is infinite divisible with Lévy measure LY satisfying
2 c4

(4.25) -1+ —=<L?((z,00)) < 3+ —

Ve N
forz>0or
(4.26) -1 + 2 < L?((=00,2]) < c3 + =

Vizl E

for z <0, where c;,i = 1,2,3,4 are positive constants depending only on
(4.27) My, my, [s(DI, |s(y) — s(x)|.

Moreover, denoting by Y its characteristic function, there exists a constant € > 0
depending only on c;,i = 1,2,3,4 such that for every u € R with |u| > 1/¢, it holds
(4.28) P (u)] < e~ VM,

Proof Use the same argument as [4], Lemmas 1, 2 and 3 with the aid of (4.19).
a

Condition 4.2. There exists an interval [xg, x1] C R such that

(1) f = fT converges to f* = (f7s -+ s fuy) uniformly on [xo, x1].
(2) f is continuous on [xgp, x1].
(3) L f°,..., fuy are linearly independent on [xo, x1].
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Under this condition, we take (x,y) = (xg, x1) in (4.9) and consider the decom-
position (3.2) with

Tj+1
(4.29) Gi=| [fXpdt, Nj =F(Xe,,) - F(X)
7j
because F(X;) = F(xo) for all j. It suffices therefore to deal with the characteristic
function W7 of

(4.30) K! = ( f " F(X,)dt, Tl)
0

with initial condition Xy = xy. Denote by ‘Pg (u) the characteristic function of

T(x1)
(4.31) ( f(Xpdt, T(xl))
0

with initial condition Xy = xg. Since
(4.32) 7@l < ¥ )
by the strong Markov property, it suffices to deal with ‘Pg instead of 7.

Proposition 4.2. Under Conditions 4.1 and 4.2, there exists € > 0 such that it
holds

(4.33) 197 (u)| < =€ Vi
forT = 1/e and \u| = 1/e. In particular, Condition 3.2 hold for (4.20).

Proof Let S™ be the n’-dimensional unit surface and

n

(4.34) Flsv) = ) sifi0) + swar,

=1

for s € S”'. Note that for all s € S”, there exist T, > 0 and an interval I C (xg, x1)
such that

(4.35) k(s):=_ inf | fT(s,v)| >0

21,vEly

by the assumptions. Then, there exists € > 0 such that for t > 1/¢;,
(4.36) [P (5)] < eVt
by Lemma4.1. Putk(t, s) = infrs7, ey, fT(t, v)forte S " Since the open covering

(4.37) U {re s k.s) > ks)/2)

sesm

of the compact set S has a finite subcovering, we can conclude (4.33). To show
the last assertion, use Petrov’s lemma ( see [24], p.10.). ////
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4.3. Smoothness with independent components. This subsection treats the gen-
eral case ny > 1. The following lemma is a variant of Lemma 4.1;

Lemma 4.3. Let x < y be fixed and suppose Xy = x. Let ¢| = <p1T,g02 = gpg €Ly
and suppose

v 2
@38) Moe  wp  AOIVe0®)
ve[2x—y,y],T>Ty C(V) N (V)
Assume there exists an interval I C (x,y) such that

o1V A @2(v)?
vel,T>Ty  ¢(v)2s'(v)?

(4.39) my, =

Then the distribution of

7(y) 7(y) .
@i K =u [ @ [ e,
0 0

is infinite divisible with Lévy measure LY satisfying at least one of the following
two conditions.

(1) It holds for z > O that
2 V| N c3lua|

c u Coll
< L9((z.00)) < e + 5 bl ol

Vz z Vz 4

(4.41) —cp -

and that

, GVl cslul cs Viml | colua]

4.42 —ch + < L?((z,00)) < c4 +
) 1 \/2 Z (( 4 \/z z
(2) It holds for 7 < 0 that
(4.43) _ey = 2V VIui] + c3lua < If((—co.2]) < g+ 3 Vui| . celual
2] J2] l2] |2l
and that
ch Vlu chlu N
(4‘44) _c,l+ 2 | 1| _ 3| 2| SL¢((—OO,Z])SC4+C5 |u1| +C6|I/£2|
2] l2] l2] Izl

where c;, ¢! are positive constants depending only on
(4.45) My, my, [s(DI, |s(y)— s(x)l.

Moreover, denoting by ¥ the characteristic function of

T(y) T(y)
(4.46) ( fo o1 (X,)dr, fo goz(xt)dw}),

there exists a constant € > 0 depending only on c;, c; ,i1 = 1,2,3,4 such that for
every u € R? with lu| > 1/€, it holds

(4.47) W ()| < e~ €V,
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Proof We will use (4.19) repeatedly without any notice. Put @ = s(y) — s(x). Let
Tim» I = 1,...,m be the times at which X first attains the levels s‘l(s(x) + ia/m).
Let T/, i = 1,...,m be the times at which B first attains the levels s(x) + ia/m.
Putting

i Ti/m Ti/m
(4.48) K)' = f @1(X)dt + uy f (X )dW,,

T(i-1)/m T(i-1)/m
we have the expression

m

(4.49) Ko(ur,up) = KL
i=1

for every m € N. Note that Ks’fi, i =1,...,mare independent by the strong Markov
property of X. Besides, {Kg’i } is a null array since
(4.50)  sup P[K}'| > €] < PIMylui[t1/m > €/2] + PIMyF s N* > € /4],

1<i<m
which converges to 0 as ;m — oo, where N is a standard normal variable indepen-
dent of B. Here we use the fact that K7 has the same distribution as

(4.51) w K+ \Ju2KDN,

where

. Ti/m -1 B . Ti/m -1 B 2
(4.52) K;””l = f (pl(f—(zt))dt, KZH,Z _ f SDZ(f (Zt)) dt.
(i 1)/m ¢(By) Fi_lym ¢(By)

Hence, K (u1,u>) is infinitely divisible. ( see e.g., [6], XVIL7. ) To obtain the
inequalities for L¥, as in [4], we use the following fact; for every continuity point
z>00f LY,

m

(4.53) lim » PIK}">z] = L?((z,))
n— 00
i=1
and for every continuity point z < 0 of L?,

m

(4.54) lim » PIK' <z] = L¥((~00,z]).
i=1

(seee.g., [6], XVIL.7.) Observe that for z > 0
N e a a?
< o(y; Ddy exp {——} dt
L L \iZM mN2nt3 2tm?
00 00 2 2.2
= f f @ 5 exp {—“—mzu}dudt
0 JouZm, 2nmt 2tm

00 00 2
o S|, «a
—expy—= + —}} dsdu
fz/ e fo 2nm { 2 { m?

lua| M,

mnz

P[ u%KZ”’ZN >z

(4.55)
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as well as for z < 0,

- aluz| /M,
(4.56) P|\Ji2K)N < z| < M.
mrz|
On the other hand, by Lemma 4.1, it holds
c2 Vu| R mil ca Vu|
— < )
(4.57) a+ = Wllglgo; Pluky™ > 2 s o3+ =7
forz > 0or
m
4.58) et c2 Vluil < lim ZP[MIKZU',] <i<est c4 Vlugl
Vizdl oo 2]
for z < 0, where ¢;,i = 1,2, 3, 4 are positive constants depending only on
(4.59) My, my, [s(D], |s(y)— s(x).

Hence, it is straightforward to obtain the result by using e.g.,

PIK}" > z] = Plu K" > 27] - P [ VBKLPN < —z],

(4.60) PIK) > 7] > P[ KN > 21} - Plu K™ < =],

mi 2 pmi,2
P[K; >z]SP[ us KN > z/2

+ Plu K > /2]

To show the last inequality for ‘P, consider the distribution of K,(u;,uz) for u =
(u1,up) € S'. Let us treat the case (4.41) and (4.42) hold for example. Note that
by the Lévy-Khinchin expression, there exists a constant o> > 0 such that

(4.61) Re ¥(1u) = —0%1*/2 -2 f sin?(z7/2)L¥(dz)
R

for t > 0, where u € S! is fixed and L¥ corresponds to K, (ui, uz). Take zg,z1 > 0
such that zg < z;1, z ¥ sin(z) is increasing on [zo/2,z1/2], ¢3/z0 > c¢6/z1 and
¢4/ Vzo > ¢s/ +/z1. Then we have

f sin®(zt/2)L¢ (dz)
R

> f sin?(zt/2)L#(dz)
(4.62) (zo/lfl.z1 /1)

> sin’(z0/2)L? ((z0/t], 21 /I£]])

3 Co 2 Co6
> (— - —) leale] — (— + —) Vluillel =1 — ca,
20 2 VZo vz

as well as

<) s 5 ce
(4.63) >—= - — ]| Vumlltl = | = + — | |u2llt] - c’1 - c4.
21 0 <
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Using (4.62) for the case |up| Vf] > 1 and (4.63) for the case |us| V]| < 1, we
conclude the last assertion. ///]

Let us show that Condition 3.2 is satisfied also in the case that n, > 1. Here
we consider n = ny + ny + n3 and ’ = n; + ny. We again assume [ f] = 0 and
Condition 4.2. Then, take (x,y) = (xg, x1) in (4.9) as before. By the same reason as
in the preceding subsection, it suffices to deal with the characteristic function ‘Pg

of

T(x1) T(x1) . T(x1) .
(4.64) ( S(Xpdt, f s1(X)dw,, ..., f gn, (X)dW, Z,T(Jq))
0 0 0
with initial condition Xy = xp. We will assume the following in addition;

Condition 4.3.
(4.65) Cgi= inf lgi(W)]> > 0.

ve€[xg,x1 ,i=1,....,n0,T>T

Proposition 4.4. Under Conditions 4.1, 4.2 and 4.3, there exists € > 0 such that it
holds

(4.66) IP7 ()] < eV

for T > 1/e and \u| > 1/e. In particular, the conditions of Condition 3.2 hold for
(4.2).

Proof For u = (u,uz,u3) € R"*', uy € R, up € R™, u3 € R, put v; =
(u1,u3) € R+ vy = up € R™. Tt suffices to treat the characteristic function of

T(x1) T(x1)

(4.67) il Fr /vl X)dt + [va f gWa/Ival, X)dW},
0 0

where

(4.68) Fl5.2) = " sif5(0) + Suy o1,

for s € S™ and

(4.69)

for s € S™~!. Note that for all s € S™, there exist Ty > 0 and an interval I, C
(x0, x1) such that

4. = inf |fT

(4.70) K= inf I (s 0)]> 0

by the assumptions. Then, there exists €; > 0 such that for r > 1/e;,
(4.71) I (ts)| < e~ VI

by Lemma 4.3. Put k(z, 5) = inf7>7, e, fT(t, v) for t € §™. Since the open cover-
ing

(4.72) | e sm:ska, ) > k(s)/2)

seS"l
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of the compact set S™ has a finite subcovering, we conclude (4.66). To show the
last assertion, use Petrov’s lemma ( see [24], p.10.). /1]

4.4. On the moment conditions. Here we consider Condition 3.1 in the case that
KT has the form

(4.73) K/ =( f f(Xy)ds, f P(X)dW?, f w<xs>dW§),
0 0 0

where f7,o", T € Lp; it will be straightforward to extend the results here to the
cases of higher dimensional regenerative functionals such as (4.2). Put

I xb(x)
vy =— limsup
|x]—00,T—00 C(x)z
b
(4.74) v, = — limsup (x)Q,
x—00,T— 00 C(X)
b
y_ = liminf =)

x——00,T—00 C(x)2 ’

Here we abuse the notation a little with y, vy, which have been already used in
Section 3.2. The following lemma is a variant of Theorem 2 of [12].

Lemma 4.5. [f there exist p > 0, N € N such that

1+
(4.75) 2y+1> Np, limsup % <
[x| =00, T >0 |x|17— C()C)

’

then, for every xp, x1 € R,

7(x1)
(4.76) lim sup PT F(X,)dt

T—o0

N
|X0 = Xp| < 00.

Proof The fact that the process X = X7 and f = fT depend on T is beyond
Theorem 2 of [12]. It is however easy to see the same reasoning is valid here under
the condition (4.75). 11/

Lemma 4.6. If there exist k. > 0, N € N such that

1
4.77) 2y. > Nko, Timsup L
Xx—=00,T—00 eKilxlc(x)z

then, for every xp,x1 € R,

7(x1)

N
4.78) lim sup PT F(X,)dr |X0 = %

T -0

< 00.

Proof Define P[] = PT[-|Xy = x] and

T(x1)

(4.79) Gi(x) = Px[ aed )G’;.—‘(X,)dz]
0
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recursively for k € N, where G(;(x) = 1 and x; is fixed. As in the proof of Theo-
rem 2 of [12], we use Kac’s moment formula [7]

T(x1)
(4.80) P [ vocoar
0

k
} = k!leﬂ(x)

and an explicit expression

481) Gl =2 f " (5001) = S F@Irdz) + 2As(x1) — 5(1) f Qi)
in case x < xy, and x -

(4.82) Gly(x0) = 2(s(x) = s(xp)) f ) +2 f f(s(z) — s@)f @lr(dz)

in case x > x;. Denote by 7’ the density of 7. Take ¥, such that y. > ¥, > Nk, /2.
Then there exists A > O such thatif [w| > A, T > A and (z — w)(w — A) > 0, then

Z b _
(4.83) s W) f @I’ (2) < ekl exp 2f ﬂdv < gXeldl=2Yzle—wl
w c(v)?
where + coincides with the signature of w. This inequality implies that
(4.84) limsup e MG 5(x) < o0

X—+00,T—c0

as long as f satisfies (4.77). The result then follows the iterative use of (4.80). ////

Proposition 4.7. Assume that (4.75) or (4.77) holds for f with N = 4 and for
0>V ? with N = 2 instead of f. Then Condition 3.1 holds for KT of (4.73) and TJT
of (4.9) for every x,y € R.

Proof Use the strong Markov property of X, the preceding two lemmas, the
Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities. /1]
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