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ABSTRACT. We study the joint problem of sequential change detection and multiple hypothesis testing.
Suppose that the common distribution of a sequence of i.i.d. random variables changes suddenly at some
unobservable time to one of finitely many distinct alternatives, and one needs to both detect and identify the
change at the earliest possible time. We propose computationally efficient sequential decision rules that are
asymptotically either Bayes-optimal or optimal in a Bayesian fixed-error formulation, as the unit detection
delay cost or the misdiagnosis and false alarm probabilities go to zero, respectively. Numerical examples are
provided to verify the asymptotic optimality and the speed of convergence.
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1. INTRODUCTION

Sequential change detection and identification refers to the joint problem of sequential change point
detection (CPD) and sequential multiple hypothesis testing (SMHT), where one needs to detect, based on
a sequence of observations, a sudden and unobservable change as early as possible and identify its cause
as accurately as possible. In a Bayesian setup, this problem boils down to optimally solving the trade-off
between the expected detection delay and the false alarm and misdiagnosis costs.

The sequential analysis methods such as Wald’s (1947) sequential probability ratio test (SPRT) and Page’s
(1954) cumulative sum (CUSUM) were originally developed for use in quality control problems, in which a
production process may suddenly get out of control at some unknown and unobservable time and one needs
to detect the failure time as soon as possible. However, it is more realistic to assume that a production
process consists of multiple processing units, each of which is prone to failures, and one needs to detect the
earliest failure time and accurately identify the failed component.

In economics and biosurveillance, elevated concerns about financial crises and bioterrorism have increased
the importance of early warning systems (see Bussiere and Fratzscher [2006] and Heffernan et al. [2004]);
structural changes need to be detected in time series such as the S&P 500 index for better financial risk
management and over-the-counter medication sales for early signs of a possible disease outbreak. There are
a number of potential causes of structural changes, and one needs to identify the cause of the change in
order to take the most appropriate countermeasures. Although most existing structural change detection
methods employ retrospective tests on historical data, online tests are more appropriate in these settings
because time-inhomogeneous data arrive sequentially, and the changes must be identified as soon as possible

after they occur.
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We focus on two online Bayesian formulations and propose two computationally efficient and asymptoti-
cally optimal strategies inspired by the separate asymptotic analyses of SMHT (Baum and Veeravalli [1994],
Dragalin et al. [1999, 2000]) and CPD (Tartakovsky and Veeravalli [2004]).

We suppose that a system starts in regime 0 and suddenly switches at some unknown and unobservable
disorder time 6 to one of finitely many regimes u € M := {1,..., M}. One observes a sequence of random
variables X = (X,,),>1 which are, conditionally on 6 and y, independent and distributed according to some

cumulative distribution function Fy before time 6 and F), at and after time 6; namely,

X1,..., X1, Xg, Xot1...

Fy—distributed F), —distributed

The objective is to detect the change as quickly as possible, and at the same time to identify the new
regime u as accurately as possible. More precisely, we want to find a strategy (7, d), consisting of a pair of
detection time T and diagnosis Tule d, in order to minimize the expected detection delay time and the false
alarm and misdiagnosis probabilities. This paper studies the following formulations;

(i) In the Bayes risk formulation, one minimizes a Bayes risk which is the sum of the expected detection
delay time and the false alarm and misdiagnosis probabilities.

(ii) In the fized-error formulation, one minimizes the expected detection delay time subject to some low
upper bounds on the false alarm and misdiagnosis probabilities.

Finding the optimal solutions under both formulations requires intensive computations. For example, the
Bayes risk formulation reduces to an optimal stopping problem as shown by Dayanik et al. [2008], and the

optimal strategy is to stop as soon as the posterior probability process II = (Hﬁ? ), . ,H%M))nzo, where
1) := P {The system is in regime i at time n | X;,..., X, } for every i € Mg and n > 0,
with Mg := M U {0}, enters some suitable region of the M-dimensional probability simplex.

Regime 1 (0,1,0) Regime 1 (0,1,0)

I(w)
Regime 0 (1,0,0) Regime 2 (0,0,1)  Regime 0 (1,0,0)

(a)

FIGURE 1. (a) The union of the shaded regions is the optimal stopping regions. (b) The dotted
triangles are the stopping regions of one of the strategies we propose in this paper.

Regime 2 (0,0,1)

Figure 1 (a) illustrates the optimal stopping regions for a typical problem with M = 2. The process II
starts in the lower-left corner, which corresponds to the “no change” state or regime 0. As observations are

made, it progresses through the light-colored region, where raising a change-alarm is suboptimal. If it enters
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the shaded region in the top corner, then declaring a regime switch from 0 to 1 is optimal. If it enters the
shaded region in the lower-right corner, then declaring a regime switch from 0 to 2 is optimal. The first
hitting time to one of those shaded regions and the corresponding estimate of the new regime minimize the
costs for the Bayes risk formulation.

These shaded regions can in principle be found by dynamic programming methods; see, for example,
Derman [1970], Puterman [1994], Bertsekas [2005]. However, those methods are generally computationally
intensive due to the curse of dimensionality. The state space increases exponentially in the number of
regimes, and finding an optimal strategy by using the classical dynamic programming methods tends to be
practically impossible in higher dimensions.

Our goal is to obtain a practical solution that is both near-optimal and computationally feasible. We
propose two simple and asymptotically optimal strategies by approximating the optimal stopping regions
with simpler shapes. In particular, our strategy for the Bayes risk formulation raises a change alarm and
estimates the new regime when the posterior probability of at least one of the change types exceeds some
predetermined threshold for the first time. In Figure 1 (b), the stopping regions of this strategy correspond
to the union of the triangles in the two corners. Those triangular regions determine a stopping and selection
strategy, and hence the problem is simplified to designing the triangular regions to minimize the risks.

We give an asymptotic analysis of the change detection and identification problem. The SMHT and CPD
are the special cases, and the asymptotic optimality of our strategies can be proved using nonlinear renewal

theory after casting the log-likelihood-ratio (LLR) processes

(4)
1, . . .
(1) An(la]) = IOg Wv n = 17 ZGMa J GMO\{Z}v

n
as the sum of suitable random walks and some slowly-changing stochastic processes. We show that the r-quick
convergence of Lai [1977] for an appropriate subset of the LLR processes in (1) is a sufficient condition for
asymptotic optimality. We also pursue higher-order asymptotic approximations for the Bayes risk formulation
as inspired by Baum and Veeravalli’s (1994) work for SMHT.

The remainder of the paper is organized as follows. We formulate the Bayesian sequential change detection
and identification problem in Section 2. We propose two sequential change detection and identification
strategies in Section 3. Section 4 discusses sufficient conditions for asymptotic optimality of the proposed
strategies in terms of the LLR processes. In Section 5 we study certain convergence properties of the
LLR processes. We prove the asymptotic optimality of the proposed rules in Section 6. In Section 7 we
obtain higher-order asymptotic approximations for the Bayes risk formulation using nonlinear renewal theory.
Section 8 concludes with numerical examples. We also give an example of sufficient conditions in Appendix

A. Long proofs are deferred to Appendix B.

2. PROBLEM FORMULATIONS

Consider a probability space (€2, F,P) hosting a stochastic process X = (X,,),,>1 taking values in some
measurable space (E,€). Let 0 : Q@ — {0,1,...} and p: Q — M := {1,..., M} be independent random
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variables defined on the same probability space with the probability distributions

Po, if t=0
P{§=t}= and v; =P{p=1i}>0, ieM
(1=po)(L=p)'p, if t>1
for some known constants py € [0,1), p € (0, 1), and positive constants v = (1;);epm. The random variable 0

has an exponential tail with

logP {6 >t+ 1}

(2) ¢:=—lim p = |log(1 - p)|.
Given p =14 and 6 = ¢, the random variables X1, X5, ... are conditionally independent, and (X, )i<n<t—1

and (X,,)n>¢ have common conditional probability density functions fo and f;, respectively, with respect to

some o-finite measure m on (F, £); namely,

P{G:t,u:i,XleEl,--- ,XnGEn}

(t—1)An n
=(1-po)(1-p) 'pri | ] fo(z)m(dz) [ 11 fi(l‘)m(dx)] :
k=1 7 Ek I=tAn " B

foreveryie M, t>1,n>1,and (Ey X --- x E,) € £". The following assumptions remove certain trivial

cases; see Remark 5.11 below.

Assumption 2.1. For every i € My and j € Mo\ {i},

(1) 0< fi(X1)/f;(X1) < o0 a.s.,
(ii) F; and F; are distinguishable; f{zeE:f’i(I#fj(z)} fi(z)m(dz) > 0.

Let F = (F,,)n>0 denote the filtration generated by X; namely,
Fo={2,Q} and F,=o0(X1,...,Xpn), n>1

A sequential change detection and identification rule (7,d) is a pair consisting of an F-stopping time 7 (in
short, 7 € F) and a random variable d : Q — M that is measurable with respect to the observation history

F. up to the stopping time 7; namely, d € F,. Let
A:={(r,d): 7 €F, and d € F; is an M-valued random variable}

be the collection of all sequential change detection and identification rules. The objective is to find a strategy

b moment

(7,d) that solves optimally the trade-off between the m!
(3) D™ (r) =E[(r—0)}],

of the detection delay time (7 — ) for some m > 1 and the false alarm and misdiagnosis probabilities
(4) Roi(7,d) :=P{d =i,7 < 6}, i€ M,

(5) Rji(1,d) =P{d=1i,p=17,0 <T < o0}, ieM, je Mo\ {i}.

Here and for the rest of the paper, 1 = max(x,0) and z_ = max(—z,0) for any « € R.
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We formulate the optimal trade-offs between (3)-(5) as in the following two related problems:

Problem 1 (Minimum Bayes risk formulation). For fized m > 1, ¢ > 0, and strictly positive constants

a = (aji)iem,jemo\{i}» calculate the minimum Bayes risk inf ;. g)ca R(©@™) (7 d), where

(6) R (r,d):=cD"™(r)+ Y > ajiRs(r,d)
i€EM jeMo\{i}

is the expected sum of all risks arising from the detection delay time, false alarm and misdiagnosis, and find

a strategy (7*,d*) € A which attains the minimum Bayes risk, if such a strategy exists.

Problem 2 (Bayesian fixed-error formulation). For fized positive constants m > 1 and R = (Rji)ie M je Mo\ {i} 5

calculate the smallest m* moment inf(T,d)eA(E) D(m)(T) of detection delay time among all decision rules in
A(R) := {(r,d) € A: Rjj(1,d) < Rj;, i € M, j € Mo\ {i}}

with the same predetermined upper bounds on false alarm and misdiagnosis probabilities, and find a strategy

(7*,d*) € A(R) which attains the minimum, if such a strategy ewists.

2.1. The posterior probability and log-likelihood-ratio (LLR) processes. As we introduced in Sec-
tion 1, let T = (H;O), e ,H%M))nzo be the posterior probability process defined by

OO0 :=P{0>n|F,} and NV :=P{O<n,pu=iF,}, ieM,n>0.

Dayanik et al. [2008] proved that II is a Markov process satisfying

o (X1, ..., Xn)
S ient, 0 (X1, Xy)

) = . ie Mg

(@)

where oy’ (21, ..., T,) equals

(1=po)(1 =p)" [ ] folan), i=0
=1

n n k—1 n
povi [ ] filawr) + (1 =po)pri (1 =p)* " ] fo@) [] filwm), i€ M
k=1 k=1 1=1 m=k
for every n > 1 and (z1,...,2,) € E™, and
‘ P{0 > n, X; € day,..., X, € da,}, 1=0
agf)(xl, oo xp)m(dz) - om(dey,) =

P{0 <n,u=1iX, €day,..., X, €da,}, i€eM

Let us denote by agf' ) the random variable agf )(X 1y...,Xp) for every n > 0. Then the LLR processes defined

in (1) can be written as

(2)
(7) An(ig) =log 22 €M, je Mo\ {i}, n> 1.

o)

Remark 2.2. Assumption 2.1 (i) implies that 0 < Hgf) < 1 P-a.s. for every finiten > 1 and i € M.
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Proof. We will prove that

(8) 0< H

which implies that P-a.s. 0 < I = ol /5" o) = (0 / TI_y fo(Xi)/(Zjen, 0/ ey fo(Xi)) <
1 for every i € M, because a%o)/l_[kzl fo(Xk) = (1 —po)(1 —p)™ > 0 and

< oo for every 1 € M,

(4) n
Qn fj(Xk) k 1 m .
v = Povj + (1 =po)pv; > (1—p > 0 for every j € M.
[T fo(Xk) ! ,};[1 fo(Xk) ! Z H
To prove (8), let E; :={x: 0 < fi(x)/fo(x) < oo} for every i € M. Then Assumption 2.1 (i) implies that
1=P{X1€E}=Y P{O<1lu=jIP{Xi € B |0<1u=j}+P{0>1}P{X, € E;|6>1}
JEM

= S po<tu=t [ s B> 1) [ folamds)

JEM

Because P{0 < 1, = j} > 0 for every j € M and P{# > 1} > 0, we must have fEl fi(x)m(dz) =1 for every
j € Mg. Therefore, for every i € M,

i “xj=r

<oof0revery1<k<n}

9=t,u=j}

Il
gMﬁ

Jo(Xk)
fo(Xk) 0> n}

DS (. y}[/ fola ] [/E fy(am(a)] o

t=0 jeM

crpsnf [ fo(:v)m(dw)]n=z S BB =tu=j)+P#>n) =1 O

t=0 jeM

Z]P’{G—t u—j}P{O<f(X) <00, 1<k<n
eM
+P{6 > }P{O<f(X) <oo, 1<k<n

2.2. Conditioning. In our analysis, it turns out to be very convenient to work under the conditional

probability measures:

(9) P; {Xl eF,..,. X, € En} = ]P{Xl eF,.. X, € En\,u = Z},

(10) POX,€Fy, ... X, €E} =P{X1€E,.. Xp €EEp|lp=1i,0=t}, t>0,

defined for every i € M, n > 1, and (Ey X --- x E,,) € £". Let E; and Egt), respectively, be the expectations

with respect to P; and ]Pgt).

Under conditional probability measures IP’EO) and IF’EOO), the random variables
X1, X,,... are independent and have common probability density functions f;(-) and fo(-), respectively. We
denote by P(>) any ]P’ ) for any ¢ € M. The LLR processes in (1) or (7) serve as the Radon-Nikodym

derivatives in changing probability measures as the next lemma shows.
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Lemma 2.3 (Changing probability measures). Fiz i € M, an F-stopping time 7, and an F,-measurable

event F'. We have

P(FN{p=7j0<7<oo}) =uE [1Fm{9§7<m}e—"f“=ﬂ} ,je M\ {id,

]P)(Fﬂ {T < 9}) =V, ]Ez |:1Fr-\|{9§7_<oo}e—/\7—(i,0)i| ]

Proof. Because P(FN{p=7,0 <7 <oo})=> " P(FN{r=n}n{0 <n,u=j}) equals

ZJJE{lm{T_n}H%”} ZE{lFm{r ) (1)} Z [1Fﬂ{72"’ o<n, “:i}HT;')}
o (9) (9) )
Hn Hn H-r
= Z E |:1{u:i} (1Fﬁ{7:n, OSR}F)} =V Z E; |:1Fﬁ{7':n, ng}m} =K, |:1F0{0§T<OC}F:| )
n=0 n n=0 n T
the first equality follows. The proof of the second equality is similar. O

The next proposition follows from Lemma 2.3 after setting F' := {d = i} € F, for every i € M.

Proposition 2.4. For every strategy (1,d) € A, ¢ > 0, m > 1 and strictly positive constants a =

(aji)iem, jem\{i}, we can rewrite (4)-(6) as
Rji(r,d) = vi E; [1{d:i, 9§T<oo}67AT(i’j):| , 1EM, je Mo\ {i},

R(Cam)Td ZVz (c,a,m) Td)

ieEM
in terms of
(11) R“™ (7,d) := eD{™ >< )+ R (7,d), i€ M, (r,d) €A,
(12) D™ = [(r — 0)7], ieM,
(13) R (r,d) = E, [1{d i o<resa G (1) ieM, (r,d) €A,
(14) Gga (n) := Z ajl-e_A"(i’j), 1eEM, n>1.
JEMo\ (i}

Remark 2.5. In the remainder, we prove a number of results in the P;-a.s. sense for given i € M. Then
the results also hold automatically ]P’Et)—a.s, for everyt > 1. Indeed, because P{0 < co} =1 and P{0 =t} >0
for every t > 1 and P;(F) = 3,2 P{0 =t} ]P’Z(-t)(F) for every F € F, the knowledge of P;(F) = 1 implies
that ]P’l(»t)(F) =1 for every t > 1.

3. ASYMPTOTICALLY OPTIMAL SEQUENTIAL DETECTION AND IDENTIFICATION STRATEGIES

We will introduce two strategies that are computationally efficient and asymptotically optimal. The first
strategy raises an alarm as soon as the posterior probability of the event that at least one of the change types
has occurred exceeds some suitable threshold, and is shown to be asymptotically optimal for the minimum
Bayes risk formulation. The second strategy is its variation expressed in terms of the LLR processes and is

shown to be asymptotically optimal for the Bayesian fixed-error probability formulation.
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Definition 3.1 ((74,d4)-strategy for the minimum Bayes risk minimization problem). For every set A =

(A)iem of strictly positive constants, let (Ta,da) be the strategy defined by

1
14+ A;

(@)

(15) 74 := Héﬂ T () %

and da € argminT,’, where T, ::inf{nzlzﬂg) >
ieM

}, 1€ M.

Define the logarithm of the odds-ratio processes as

_ '
(16) 3 :=log <m> = —log Z exp ( - An(z’,j)> , ieM, n>1.
1 -1y jEMo\{i}

Then (15) can be rewritten as

, 11— _
(17) TX) ::inf{nz I:T <Ai} :inf{nzlzq)gf) >—logAi}7 e M.

The values of A = (4;);em determine the sizes of the polyhedrons that approximate the original optimal
stopping regions, e.g., the triangular regions when M = 2 as in Figure 1 (b), and need to be determined so

as to minimize the Bayes risk.

Definition 3.2 ((vg,dp)-strategy for the Bayesian fixed-error probability formulation). For every set B =

(Bi)iem and B; = (Bij) jemo\{i}, @ € M of strictly positive constants, let (vp,dp) be the strategy defined by

vp = min vg) and dp € argminv

(18) ieEM ieM
vg) ==inf {n >1:A,(i,j) > —log B;; for every j € Mo\ {i}}, i€ M.

g), where

For every i € M, define B; := max;e pmo\{i} Bij, B = minje a4y Bij and

19 W= min  A,(i,j), n>1
(19) S (4, ) >

is the minimum of the LLR processes A, (4,7), j € Mg \ {i} for every n > 1. Then
(@) (1) =@ :
(20) vy <vp <Ug forevery i e M

where QS;) := inf {n >1: \Ilgf) > —logEi} and ﬁg) := inf {n >1: \Ilsf) > —logﬁz}. Notice that (16) im-
plies ¢ < A, (i,7) for every n > 1 and j € My \ {i}, and hence

(21) v =l n>1.

We show that, after choosing suitable A and B, the strategy (74,d) is asymptotically optimal for the
Bayes risk minimization problem as ¢ goes to zero, and the strategy (vgp,dp) is asymptotically optimal for

the Bayesian fixed-error probability formulation as

|R| := max Rj;
i€EM, jEMo\{i}

goes to zero—while Rj;/Ry,; for every j, k € My \ {i} remains bounded away from zero in the sense that

in; i Rji
(22) jEM\T) ' >k, for every i € M

maneMo\{i} Rji



ASYMPTOTIC THEORY OF SEQUENTIAL CHANGE DETECTION AND IDENTIFICATION 9

for any but fixed strictly positive constants k = (k;);esm—and this mode of limit will still be denoted by
“|R]| J 0" for brevity.

More precisely, we find functions A(c) of the unit sampling cost ¢ in the Bayes risk minimization problem

and B(R) of the upper bounds (Rji)ica,jem,\{i} on the false alarm and misdiagnosis probabilities in the
Bayesian fixed-error probability formulation so that (74(.), da()) € A for every ¢ > 0, (v B(R) 4 B(E)) € A(R)
for every R > 0, and

(23) RO (rae) dag) ~ inf | RE™(7,d) as ¢ .0,
(24) D" (vpm) ~  inf _ DU(r) as || R 4 0,
(1,d)EA(R)

for every fixed m > 1 and every set a = (a;i)iem,jem,\{i} Of strictly positive constants. Here

X
Ty ~Yyasy— Y means that lim =2 =1.
T Yy

13

In fact, we obtain stronger results than (23)-(24); namely, for every i € M

(25) REC™ (1410, dae)) ~ (TidI;féA R“™ (1, d) as ¢ 0,
(26) D" (vpm) ~  inf D™ () as || R 1 0.
(1, d)EA(R)

3.1. Limiting behaviors of (74,d4) and (vp,dg) as A | 0 and B | 0. As ¢ and R decrease to zero
in Problems 1 and 2, respectively, we expect that the optimal stopping regions shrink and one should wait
longer before an alarm is raised. In Problem 1, if the unit sampling cost ¢ is small, then one can sample
more for the same budget to collect more information for a more accurate terminal decision. In Problem
2, if the upper bounds on the false alarm and misdiagnosis probabilities are small, then one needs to take
more observations to meet the constraints. Therefore, the values of A and B should decrease as ¢ | 0 and
IR|| | 0, respectively. We prove that the intuition above is correct, and the change detection time tends to

oo and the false alarm and misdiagnosis probabilities tend to zero as

[|A]| := max A; and IB|| = max B;;
ieM ieM,jeMo\{i}

go to zero. Here the ratio B,/B; for every i € M is always bounded from below by any but fixed strictly
positive number in concordance with (22).
We first study the asymptotic behaviors of the false alarm and misdiagnosis probabilities as || A|| and || B||

tend to zero. The upper bounds can be obtained by a direct application of Proposition 2.4.

Proposition 3.3 (Bounds on false alarm and misdiagnosis probabilities). (i) For every fized A = (A;)icm
(a)

Rji(Ta,da) < v;A; < u||A|| for every i € M and j € Mo\ {i}.
(ii) For every B = (Bij)iem,jem\{i}, we have Rji(vp,dp) < v;iBj; for every i € M and j € My \ {i}.

and a = (aji)iem, jeMo\{i}» we have R;" (Ta,da) < @;A; for every i € M, where @; := max;je s\ {5} @i and

Corollary 3.4. We have maxiep R\ (Ta,da) 4 0 as [|A] L 0 and maxicpjemor iy Ryi(vB,dp) L 0 as
1B 4 0.
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Proof of Proposition 3.3. (i) We have 74 = TX) on {dsg =i,74 < oo}, and (14) implies

GE“)(TA) < Z eXp{—ATip (4,5)} = @ eXP{—‘I’%)} < @A,
JEMO\{i} 4
where the equality and the last inequality follow from (16) and (17), respectively. Hence, we have Rl(-a) (Ta,da) =
Ei[l{apmig<ra<oo} G\ (T4)] < @ A;. Because exp{—A., (i, )} = I /M) < (1 - I8 /IY) < A;, we have
Rji(Ta,da) = ViEi[l{g,—i 9<rp<oo} exP{—Ar, (i,5)}] < viA; <Al
(2)
B

(ii) Because vp = vp’ on {dp =i,0 <wvp < oo}, and A« (i,j) > —log B;j, Proposition 2.4 implies that
B

Rji(vB,dp) = Viki[l{as—i0<vp<oo} XP{—Auy (4,5)}] < viBij. O
The next proposition considers the limits of the detection times as the thresholds tend to zero.

Proposition 3.5. Fizi € M. We have P;-a.s. (i) TS) Tooas A; L0, (ii) T4 T 00 as ||A]l 1 0, (iii) Ug) T oo
as B; 10, and (iv) vg 1 00 as ||B|| } 0.

Proof. For (i), because (TX)) increases as A; | 0, it is enough to show that there is a subsequence the limit
of which exists and equals oo, P;-a.s. We will first show that TX) — oo as A4; | 0 in probability under P;.

Fix n > 1. By (15), we have

i " i 1 . i 1

k=

Therefore, limsup 4, P{r) <n} < > pey limsupy, o Pi{Hg) >1/(14+A4)} < >0, IP’i{HS) = 1}, which
is zero by Remark 2.2. Namely, TX) 1 0o in probability under P; as A; | 0. Hence, there is a subsequence of
(A;) along which P;-a.s. TX) 1 00, which proves (i).

Because P{da = j,p =i} =P{da = 4,0 < 74 <oo,pp =i} +P{ds = j,7a < 0,p =1} < R;;(Ta,da) +
Ry;(Ta,da) < 2v;A; by Proposition 3.3 (i), for every fixed n > 1, we have
Pira<nt= S Pilra<nda=j} <P <+ 3 Plda=j}<B{rP <n}+ 3 g,

jeM JjEM\{i} jeEM\{i}

which goes to zero as ||A|| | 0 by (i) and by Proposition 3.3. Namely, 74 — oo in probability under P; as
|[A|l 4 0; therefore, there is a subsequence of (74)a>o that goes to co, P;-a.s. as ||A] 4 0. Because (74)as0

is increasing P;-a.s. as || A|| | 0, its limit exists and equals oo, P;-a.s. as well, and (ii) follows.

Similarly, we have R—{vg) <n}<>r_, IP’Z-{\IIS) > —log B;}. Because, for every fixed k > 1,

{00 > ~1ogBi} = { min }Ak(z‘,j>>flog§i}:{ max (/M) < B}

JEMo\{i JEMo\{i}
c { S @@ /m) < MR} - {(1 —ny/ml < MR} - {HS) >1/(1+ ME)},
jEMa{i}

we have limsupg, Pi{vl) <n} < > h—y limsupg |4 Pi{l_[,(j) >1/(1+MB)} =Y 7, IP’i{Hg) = 1}, which

equals zero by Remark 2.2. Therefore, as in the proof of (i), P;-a.s. ’Ug) — o0 as B; | 0, and (iii) follows.

Furthermore, for every fixed n > 1 we also have by Proposition 3.3 (ii)
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; 1
Pi{vp <n} <Pifvg <n}+— 3 (Ro(vs.dp) + Rij(vs,dp))
b ieM\(i}

i 1 Bl|l0
sm{vggn}Jr; S v(Bjo+ By) 1BILo,
b jeM\{i}

which proves (iv). O

4. SUFFICIENT CONDITIONS FOR ASYMPTOTIC OPTIMALITY

Dayanik et al. [2008] proved by using the martingale convergence theorem that the posterior probability
process II,, converges P-a.s. as n T co. Conditionally given p = i, we expect Hgf) to converge to 1 and HSZ )
to zero for every j € Mg\ {i} as n 1 oco. Consequently, A,(i,j) — oo as n 1 oo is expected for every
J € Mo\ {i}.

According to the next proposition, its average increment A, (i,7)/n converges P;-a.s. as n 1 co to some
strictly positive constant for every i € M and j € Mo \ {i}. The proof is deferred to Section 5, where the

limiting values are analytically expressed in terms of the Kullback-Leibler divergence between the alternative

probability measures.

Proposition 4.1. For every i € M and j € My \ {i}, we have P;-a.s. A, (i,7)/n — 1(i,j) as n 1 oo for

some strictly positive constant [(i, 7).

4.1. The limiting behavior of the expected detection delay time. Let us fix any ¢ € M. We show

that, for small values of A and B, the stopping times TX) and Ug) in (15) and (18) are essentially determined

by the process A(i,j(i)), where

(27) j(i) € argmin I(4,5) is any index in Mg \ {¢} that attains (i) := min I(¢,5) > 0,
jeMo\{i} JEMo\{i}

and P;-a.s. A, (i,5(2)) = o) ~ v ~ nl(i) for sufficiently large n as the next proposition suggests.
Proposition 4.2. For every i € M, we have P;-a.s. (7) @sf)/n — (%) and (i) lllgf)/n — (i) as n T oo.

The proof of part (i) follows from Proposition 4.1, and part (ii) follows from part (i) and Baum and

Veeravalli [1994, Lemma 5.2]. Proposition 4.2 implies the following convergence results.

Lemma 4.3. For every i € M and any j(i) € argmin e\ 43 [(é,7), we have

(1) (4)
. Ta P;-a.s. i .. _ (TA *9)4- P;-a.s. i
log A; Ao (i)’ (i) log A; Ao (1)’

(i)

’Ug) P;-a.s. 1 . (Ug) 70)"" Pi-a.s. L

1ii — —, v — ~>
(i) log B; ji)y Buo i) (iv) log B; jiy  Buo (i)

where the limits B; | 0 for every i € M are taken such that for some constants 0 < b; <1, i € M

. - By
MM je Mo\ {i} Dij >b; for every i € M.

(28) B,/B; = >
manEMo\{i} Bij
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Remark 4.4. We shall always assume that 0 < B;; < 1 or —oo < logB;; < 0 for all i € M and
j € Mo\{i} as we are interested in the limits of certain quantities as |B]| | 0. Because (28) implies that
bzgz S Bi S Bij S Ei; we have
< flog%j < floggi < flog(bfi) <14 710g£i7
—log B; —log B; —log B; —log B;

which implies that

log B;; log B,

(29) 1= lim 229 _ i 282 _ iy
B.o logB; Buo logB; B0 logB;

for every i € M, j € Mo\ {i},
where the last equality follows from the first two equalities.

Proof of Lemma 4.3. First, (17) implies that @(i()i) 1/(7}? -1) < —logAi/(TX) —1) and —logAi/TX) <
TA —
@:25) /TX). Because @g)/n % I(i) by Proposition 4.2 (i) and TX) ]PZ_—?;} oo by Proposition 3.5 (i),

1(i) < liminf[(—log A;) /() = 1)] and limsup[(—log 4;)/7{)] < 1(), Pj-a.s,
Ail0 Aqil0

which proves (i). Because TX) -6 < (TX) —0); < TX) and 0/(—log A;) Lias, 0, (ii) follows from (i).

A; 10
Similarly, by (20), we have \IIS()“ 1/(Ug) -1 < —logﬁi/(vg) —1) and —logEi/vg) <V o /Ug). Because
B~ B
\Ifgf)/n RT&) 1(i) by Proposition 4.2 (ii) and Ug) % oo by Proposition 3.5 (iii),
ntoo B;10

(i) < li@inf[(—logﬁi)/(vg) —1)] and lim sup[(—loggi)/vg)] <I(i), P;-as.
B;l0 B;10

If we divide and multiply with —log B; ;(;) before we take the limits and use (29), then (iii) follows. (iv)

immediately follows from (iii) because Ug) -6< (vg) —-0)y < vg) and 0/(—log B; j(;)) @ 0. O
B0

Because we want to minimize the m** moment of the detection delay time for an arbitrary m > 1, we will
strengthen the convergence results of Lemma 4.3. Under suitable uniform-integrability conditions

B 7X’> rre) 1 and B U? rre) 1
IOg A; Ao Z(Z) log Bzg(z) B;l0 Z(Z)

for every i € M, which implies that

D™ .
_ D™ (ra) Ao L

1 B Dfm)(UB) B.l0
log A; (i

1
— —
log Bi,j(i) Z(Z)

~—

because TX) —-0< (TX) —0), < TX) and Ug) —-0< (vg) —0)L < ’Ug). Condition 4.5 below for some r > m

is both necessary and sufficient for the L™-convergences.

Condition 4.5 (Uniform Integrability). For some r > m,

(i) the family {(TX)/<— log Ai))T}A . 1s P;-uniformly integrable for every i € M,
i>
(ii) the family {(’Ug)/(— log B; ;i) T}B . 18 P;-uniformly integrable for every i € M.
P>

Lemma 4.6. Let m > 1 be any integer.
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(i) Condition 4.5 (i) holds for some r > m if and only if Ei[(TX))m] < oo for every A; > 0 and

TX) L) 1 ng)(m) A0 1
7

_logAi .t m and —W%m for every i € M.

(ii) Condition 4.5 (ii) holds for some r > m if and only if Ei[(vg))m} < oo for every B; > 0 and

(30)

(@) : (m) —
v L) 1 D;"(vB) Bilo ,
31 — B — and - —+——2% —  for everyi e M,

where the limits B; | 0 for all i € M are taken such that (28) is satisfied.

The proof of Lemma 4.6 follows from Lemma 4.3 and Chung [2001, Theorem 4.5.4], Gut [2005, Theorem
5.2]. By means of renewal theory one can show that Condition 4.5 holds if A,(i,5) = X1 +---+ X, is a
random walk for some sequence (X,,)p>1 of i.i.d. random variables with EX; > 0 and E [(X1)" ] < oo; see
Lai [1975]. In the case of the SMHT, the LLR process (Ay(%,))n>1 is indeed a random walk with positive
drift for every i € M, j € Mg \ {i}; see Baum and Veeravalli [1994].

4.2. The r-quick convergence. Condition 4.5 is often hard to verify. An alternative sufficient condition
can be given in terms of the r-quick convergence. The r-quick convergence of suitable stochastic processes
is known to be sufficient for the asymptotic optimalities of certain sequential rules based on non-i.i.d. obser-
vations in CPD and SMHT problems. We will show that the r-quick convergence of the LLR processes is

also sufficient for the joint sequential change detection and identification problem.

Definition 4.7 (The r-quick convergence). Let (§,)n>0 be any stochastic process and r > 0 be any fized
number. Then r-quick-liminf, , &, > ¢ if and only if E[(T5)"] < oo for every 6 > 0, where

(32) Ty ::1nf{n21:%r§fn€m>c—5}, § > 0.

We will show that Condition 4.5 (i) and (ii) hold if (@g)/n)nzl and (\Ilg)/n)nzl, respectively, converge
r-quickly to [(¢) under P; for every i € M.

Condition 4.8. For somer > 1, (i) r-quick- liminf, ; fl)g)/n > (i) under IP;, (ii) r-quick- liminf, ; \Ilgf)/n >

1(i) under P; for everyi e M.

Here, Condition 4.8 (i) implies (ii) by (21). We can give a slightly stronger condition in terms of the LLR

processes as in the following remark.

Remark 4.9. Both Condition 4.8 (i) and (i) hold if r-quick- lim inf
every i € M and j € Mo\ {i}.

(An(4,5)/n) = U(i,5) under P; for

ntoo
Proof. Because Condition 4.8 (i) implies (ii), it is enough to show for (i). Fix i € M. For every fixed § > 0
and n > (2log M)/é, we have

<I>£f)/n S 1(1) - § = Z e An(id) o omn(U(D)=0) _ o—An(i) - e—n(l(i)—é)/]\/[7 Vj € Mo\ {i}
JEMOo\{i}
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= 2D sy 5y B e o iy = 220D sy 4 B e mo 1)
:W>l(i,j)—g,w€/\40\{i}~

Let Ts(i) := inf {n > 1 : infy>, (P 2)/k) > 1(i) — 6} and Ts(i,5) := inf {n > 1 : infp>n(Ak(i,5)/k) >
1(i,j) — 6} for j € Mo\ {i} and 6 > 0. Then Tg(l) < (max;e pmo\ (i} T5/2(4,5)) V (2log M) /6, and

BITO)) <E[ e @60y (P2 ] < Y BT+ (PE) <o
JEMo\{i}

for every ¢ > 0, because r-quick- lim inf, ;. (A, (4, j)/n) > 1(i, j) under P; for every j € Mg\ {i}. Therefore,
r-quick- lim inf, 4 <I>£f)/n > (i) under P; for every i € M. O

The uniform-integrability and L™-convergence of the processes in Condition 4.5 (i) and (ii) are implied by

the r-convergence of the processes in Condition 4.8 (i) and (ii), respectively, as stated by the next proposition.

Proposition 4.10. Let m > 1. (i) If Condition 4.8 (i) holds for some r > m, then (30) and Condition 4.5
(i) hold. (i) If Condition 4.8 (ii) holds for some r > m, then (31) and Condition 4.5 (ii) hold.

Proof. Fix i € M. (i) Lemma 4.3 (i) and Fatou’s lemma give the inequality
(33) lim iigf]Ei[(@Sf) J(=log A))™] > 1/1(i)™

Let us next define Ty := inf{n > 1: inkaH(tl),(:)/k) > (i) — 8} for every 0 < § < I(i). Because by hypothesis
@S)/n converges m-quickly (m < r) to I(i) as n — oo under P;, E; [(T5)™] < oo for every 0 < § < I(i). On
{TX) >Ts} = {TX) — 1> Ts}, we have

@51{)_1/(TX>—1)EZ(2')—5 — ()<q>(2) A6 = 8) + 1.

Because @52)”_1 < —log A; by definition, the last display implies 7, < —log A;/(1(i) — §)+1 on {TA > Ts},
and we obtain 71(41) = TX)l{TXBT&} + T‘S‘Z)l{TX)STs} < —log A;/(I(i) — 6) + 1 + Ts. After dividing both sides
by (—log A;) and taking the m-norm on both sides, Minkowski inequality applied to the righthand side gives

@) mq1/m 1 1 T mq1/m 1 1 E[(T5)™]Y/™
T 5 i (T5) ]

E; - E; < ;
[(—logAi) |7 < [<l(i)—5+—logAi+—logAi> ] S =6 T Tlog A T —log 4,
which is finite for every 0 < § < (7). Then limsup,, |, Ei[(rif)/(— log A4;))™]Y/™ < 1/(1(i) — §) for 0 < § <
I(i). Letting 0 | 0 gives limsupy, o Ei[(TI(Z)/(f log A;))™]Y/™ < 1/i(i), which together with (33) proves (i).

(ii) Lemma 4.3 (iii) and Fatou’s lemma imply that

(34) lim i [(v§/(~10g Biyj(i)))m] > 1/1()™

Let us define Ty := inf{n > 1: inkan(\IlS)/k) > [(i)—d} for every 0 < § < (7). Because by hypothesis \1153)/71
converges m-quickly (m < r) to I(i) as n — oo under P; for every i € M, we have E;[(T5)™] < oo for every
0 < 6 < (7). Using a similar argument as in the first part, we can show that UEB) —log B;/(l(i)—6)+1+T5.

After diving both sides by (—log B;) and taking the m-norm of both sides, an application of Minkowski
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inequality to the righthand side gives

—(4) mq1/m m1/m ; m]l/m
Ei{(%@gi) ]1 < Ei[(zu)l_a * —lolgﬁi M 4?23) ]1 = l(i)l—(S + —1olg§i = [Ej;izgé :

which is finite for every 0 < ¢ < {(i). Then limsupg, |, Ei[(@g)/(— log B;))™]"™ < 1/(1(i) — ) for 0 < § <
I(i). Letting § | 0 gives limsupg, , Ei[(ig)/(flogﬁi))m]l/m < 1/1(z). After raising both sides to power
m, the inequality vj(g) <v *( ) implies lim SUPg, |0 E'[(’Ug)/(— log B,))™] < limsupg, |, Ei[(@g)/(— log B;))™] <
1/1(i)™. Finally, dividing and multiplying the lefthand side with (—log B; j(;))™ prior to taking the limit give

limsupg, |, Ei[(vB /(=1log B jiy))™] < 1/1(i)™ thanks to (29). The last inequality and (34) prove (ii). O
5. THE CONVERGENCE RESULTS FOR THE LLR PROCESSES

In this section, we will prove Proposition 4.1 and obtain the limits I(i, j) for every ¢ € M and j € Mg\ {i},
which can be expressed in terms of the Kullback-Leibler divergence of the pre- and post-change probability
density functions and the exponential decay rate g in (2) of the disorder time probability distribution. Under
some mild condition, we show that the convergence also holds in L" for every r > 1.

Let us denote the Kullback-Leibler divergence of f; from f; by

(39) 0i.9)= [ (106 ) filahmida), i€ M. j € Mo\ ()

which always exists and is non-negative. Furthermore, Assumption 2.1 ensures that

(36) q(i,§) >0, i€ M, je Mo\ {i}

To ensure that EZ(»O) log(fo(X1))/(f;(X1))] exists for every i € M, j € Mg \ {i}, we make Assumption 5.1
below.

Assumption 5.1. For every i € M, we assume that ¢(i,0) < oco.

Since Ego)[(log(fi(Xl)/fj(Xl))),] < 1 for every i € M, j € My \ {i}, Assumption 5.1 guarantees the

existence of

(37) E© [10 QE&H EO [10 2(();3] _E© [log ;0(();11;} — q(i,j) — qi,0), i€ M, je Mo\ {i}.

5.1. Decomposition of the LLR Processes. We will decompose each LLR process (1) into a random

walk with some positive drift and some stochastic process whose running average increment vanishes in the

limit. In the SMHT case (namely, when py = 1), for every i € M and j € M\ {i},

e = (i) e () e () 2

is a P;-random walk. Its running average increment A, (i,j)/n converges P;-a.s. to the Kullback-Leibler

divergence q(i,j) as n T oo by the strong law of large numbers (SLLN). Although (A(7,7));eamo\ iy, for
po # 0, are not P;-random walks, this observation nonetheless motivates us to approximate them by some

random walks. Let

(38) Li={j € M\{i}:q(i,5) <q(i,0) + 0}, i€ M.
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We show that A(4,j) can be approximated by a random walk with drift ¢(i,j) > 0 if j € T; and with
q(4,0) + o > 0 otherwise; namely, with drift min(q(¢, 5),q(4,0) + o) if j € M\ {i} and ¢(¢,0) + ¢ if j = 0.
Define

log(1 — po) + nlog(1l — p), j=0
(39) ngj) = n kol fo(X1) . ’
log (Po + (1 = po p; 11 ( 1 _p)fj(Xl))> , JEM

J () L1 (X

K= log (”0 (5 7) - ommr I fo<X§>)>
L YR

(40) - [H(lpfo ))

+ LY,

for every n > 1 and j € My. Then it can be checked easily that, for any j € Mg \ {i}, we have

v; expLSf) ﬁ ( 1 fi(Xl)> -
" MO L—po ;3 \1=pfo(X1)/’ ’
41 — =
(4) (i) n (i) n
o v; exp Ly, v; exp Ly, ( 1 fi(Xl)) . )
= : , JeMN\{i}
v; exp L(J) H v; exp K 11;‘[ L —p fo(Xi)
By (7), after taking logarithms on both sides, each LLR process can be written as
(42) An(i,5) =D hij(X0) + €a(i,5),  § € Mo\ {i},
1=1
where
i\L . .
log 155 0.7 € Mo\ (15U ()
(43) hlj(x) = ( ) s reklk
IOg o ) .7 € Fz
fi(@)
and

LY —log(l —po) +logr;, =0
(44) En(iaj) = L,(f)—Lg)—i—logyi—loguj, Jerl ; n > 1.
LY — KW +logy; —logvj, je€ M\ (T;U{i})

Moreover, > ;" h;;(X;) can be split into post- and pre-change terms, and we have

n nA(0—1)
(45) An(i )= D hiy(X)+ Y hij(X) +en(id), n>1,
1=0Vv1 =1

for every fixed j € Mg \ {i}. Notice that the first term in (45) is conditionally a random walk under ]P’Et)
given 6 =t for every t > 0.

5.2. The convergence of the LLR processes. Fix i € M and j € My \ {i}. In view of (42), we can

explore the convergence results for (3, hi;(X;))/n and €,(4,7)/n separately. For the first term, notice
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that
1 n 1 n 1”/\(‘9*1)
ﬁZhij(Xl):E > hig (X1) + Y hi(X).
=1 l=0v1 =1

Because 6 is an a.s. finite random variable, the first term on the righthand side converges ]PZ(-t)—a.s. to

q(7,0) + o, j=0
(46) I(i,j) = . o . .
min {q(i,5),q(i,0) + o}, j € M\ {i}
q(3,0) + 0, je Mo\ (T U{i})
(47) =

Q(Z7J)7 ] € Fi
by the SLLN, while the second term converges to zero. Then Remark 2.5 implies Lemma 5.2, and, under

some mild additional conditions, Lemma 5.3 below.

Lemma 5.2. For everyi € M and j € My \ {i}, we have (1/n)Y ;- hi; (X)) ]P:LT—GOOS> 1(i, 7).

Lemma 5.3. For everyi € M, j € Mo\ {i} and r > 1, we have (1/n)>""; hij(X)) % i g), if

(48) E®) |hii(X1)[" < oo and E |hi;(X1)]" < oo.

Proof of Lemma 5.3. By Lemma 5.2, it is sufficient to show that (|(1/n)> ), hij(Xl)|T)n21 is uniformly
integrable under P;. The running sum > ;" h;;(X;) is a random walk under both P(>) and ]P’EO), and it is

uniformly integrable under both measures because (48) holds; see Gut [1988, Theorem 4.1]. Hence, it is also

uniformly integrable as well under P; because E;Z < E() Z + EgO)Z for every random variable Z. O

Note that (48) holds if and only if the following condition holds.

Condition 5.4. For everyi € M, j € Mo\ {i}, and r > 1, suppose that

E(>) 'log ;;82; ' < oo and IEEO) log ;:Ef(i)) ' <oo, if jeTy,
(o) | X)) | o], filX)|" .
E )lo Fo(X0) <oo and E;’ |log Fo(X1) <oo, if j&T,.

We now show that €, (¢, j)/n converges P;-a.s. to zero. The convergence result holds in L"(P;) as well for
r > 1 under a mild condition. To show this, we first determine the limits of (Lg)/n)nzl and (K,(L')/n)nzl as

n T oo under P;. We will need the following lemma, the proof of which is deferred to the appendix.

Lemma 5.5. Let ({,)n>1 be a positive stochastic process and T an a.s. finite random time defined on the
same probability space (Q,E,P). Given T, the random variables (§,)n>1 are conditionally independent, and
(&n)1<n<r—1 and (&n)n>T have common conditional probability distributions Po, and Py on (R, B(R)), the

expectations with respect to which are denoted by Eo, and Eq, respectively. Suppose that Eo[log&;] and
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Eo[log&] exist, and define

A = Eo[log &4, a:=Ey[&], B = Eg[&1], v = max{«, 8},
49 n n
) @, = log [ & m:m&+2ﬁ), me=tn
=1 =1

for some fixed constant ¢ > 0. Then the followings results hold.
(i) We have ny, PTL) At = max{\,0}.
(ii) If A <0, then the process ¥, converges as n 1 oo to a finite limit P-a.s.

(iii

)
i) If v < oo, then (|nn|")n>1 is P-uniformly integrable.
iv) If r > 1 and max{Eq [|log&|"],Eo [|log&1|"]} < oo, then (|®n|?)n>1 is uniformly integrable for

every 0 < g <r.
Lemma 5.6. We have the followings for every i € M:

Pi-a.s.

(i) L<>/n—>o

(i) Li/n T—> la(i. ) = a(i,0) = ol . for every j € M\ {i}.
(i) K“)/ n =2 [q(0,9) — (6,0) — o] for every j € M\ {i}.

(iv) Ly’ converges P;-a.s. as n 1 oo to a finite random variable L(i)

(v) L converges P;-a.s. as n T oo to a finite random variable L for every j € I';.
(vi) For every j € M, (|L(])/n| Jn>1 18 Pi-uniformly integrable for every r > 1, if

(50) EC) [fo(X1)/f;(X1)] < oo and E [fo(X1)/f;(X1)] < 0o

(vii) For every j € M, (\K /n| Jn>1 is Pi-uniformly integrable for every 0 < g <, if (50) holds and

for somer > 1
T

fi(X1) <o

Jo(X1)

X))l
(51) Bl )og fo(X1)

Proof. Note that for every j € M and n > 2,
k—1
fo(X1)
1—
1;[1 (( p)fj(xl)))

—1 .k fo(X7)
= log (po +(1=po)p+(L=po)p > [T ((1-p) fj(Xl)>)

< oo and ]EE) log

LY =log (Po-f— 1—po)p)
k=11

—tog (1~ pu)p] + dog (PO ST (- p P ) —tog (1= o + s

e (1 — ) fo(XD) ._ Po+(1—po)p
if in (49) we set & := (1 —p) f?(Xz) and ¢ := 20 > 0.

Given that p = ¢ and @ = t for any fixed i € M and t > 1, the random variables &, &iy1, ...
conditionally i.i.d. with a common distribution independent of ¢; thus, the change time 6 plays the role of

. Then by Lemma 5.5 (i) and (37) we have

are

the random time 7" in Lemma 5

@) jp Zizaes, {Eﬁo) {log ((1 -p) ;jgi;)}h = [q(5,4) — q(5,0) — o],
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which proves (ii) immediately if j € M\ {i}, and (i) and (iv) by Lemma 5.5 (ii) if j = ¢ after noticing that
B [log((1 — p) 22 5)] = q(i, ) — (3, 0) — 0 = —q(i,0) — ¢ < 0, by (36). Similarly, if j € I';, then (v) holds
by Lemma 5.5 (ii), since Ego) [1og ((1 -p) fo(Xl))} =q(i,j) — q(4,0) — 0 < 0 by the definition of I';. Finally,

f3(X1)
(40), the SLLN and (ii) give

nA(0—1)

1oi_1 (1f > 1 <1f'( )> )
nKnj = Z log 1= p fo(X + Zlog 1—pfz)(Xl) +nLnj

=1 l AN

Picas q(i,7) +q(i,0) + o + [q(i,5) — q(i,0) — o] .

ntoo

which equals [¢(4, j) — ¢(i,0) — o] _ and proves (iii). For the proof of (vi), note that by Minkowski’s inequality

=( )

n—1 log[(1 — po)p] |

n—1 1%—1

_ |log[(1 —po)p] | n—1 Yp_s
= +
n n n-—1 n n-—1

o )er )

Because (|[log(1 — po)p]/n|")n>1 is bounded, and according to Lemma 5.5 (iii) the process (|t /n|")n>1 is

n

log[(1 — po)p] ‘ N

" 1bnfl

n—1

wnl

n—1

log[(1 — po)p] |"

n

uniformly integrable under P; for every r > 1 when (50) is satisfied, we have (vi). Finally, for the proof of

(vii), it follows from (40) that
L[ = [Frog [T (2 242 (|2 L L&y L)
‘nK"J N nlogkl;[l(lpf;(Xk)) = 1( 1Ogl_[(lfpfo )) TR )

Because (50) holds, (|L,(1j)/n|)”21 is uniformly integrable by (vi). If we set & := [1/( — DI (Xk)/ fo(Xk)]
for every k > 1in (49), then (51) and Lemma 5.5 (iv) imply that (|2 log [T _, (% g’;;ﬂ’")nzl is uniformly

integrable. Therefore, (\K / n|")n>1 is uniformly integrable, and the proof of ( i) is complete. O

Notice in Lemma 5.6 (vi) that in order for LY to converge in L" under IP; to zero, it is sufficient to have

(52) E®) [fo(X1)/fi(X1)] < 00

because ]E( ) [fo(X1)/fi(X1)] = [5 fo(z)m(dx) = 1 < co. The characterization of €, (i, ) in (44) leads to the

next convergence result.

Lemma 5.7. For everyi € M and j € Mg\ {i}, we have €,(i,7)/n Liesy g,

ntoo

Moreover, the convergence holds in L™ under P; as well for some r > 1 given the following condition.

Condition 5.8. Giveni € M, j € Mo\ {i} and r > 1, we suppose that (52) holds and (i) j € T'; and (50)
holds, or (i) j € T'; or j =0 and (51) holds for the given r.

Lemma 5.9. Fizi € M, j € Mg\ {i} and r > 1. Under Condition 5.8, we have €,(i,j)/n T—> 0.

By combining the results in Lemmas 5.6-5.7, Proposition 4.1 indeed holds with I(-,-) as defined in (46)-

(47). Moreover, the following convergence results hold by Lemmas 5.6 and 5.9.

Proposition 5.10. For every i € M and j € Mg\ {i}, we have A, (i,7)/n % 1(i, ) for somer > 1 if
n|oo
Conditions 5.4 and 5.8 hold for the given r.
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Remark 5.11. (i) Observe from (46) that we have (i, ) < 1(i,0) for everyi € M and j € Mg\ {i},
and the equality holds if and only if j € Mo\ (T'; U {i}).
(ii) Because q(i,7) = 0 if and only if f{meE:fi(x)yéfj(x)} fi(x)m(dz) =0, Assumption 2.1 guarantees that
I(i,7) > 0 for every i € M and j € My \ {i}.
(iil) We later assume, in Section 7 below for higher-order approximations, that there is a unique j(i) €
Mo\ {i} such that I(i) = 1(,§(i)) = minje o\ iy (7, J) for every i € M. Then (i) implies (i) <
1(4,0) and q(7,7(2)) < ¢(3,0) + o, and j(i) €T and T'; # @.

Remark 5.12. Fizi € M and j € Mo\ {i}. By (44) and Lemma 5.6, €,(i,7) < Ly +¢; < LY +¢j < oo,
P;-a.s. for every n > 1, where

—log(1 — po) + log v, j=0

Cj =

—log(po + (1 — po)p) +logv; —logv;, j e M\ {i}

In view of (42), Assumption 2.1 (i) ensures that Ay (i,7) < oo P;-a.s. for n > 1, and Remark 2.2 holds.
In this section, we proved a number of results on the convergence of the LLR processes. However, those

results do mot guarantee their r-quick convergence. A sufficient condition derived by means of Jensen’s

inequality is given in Appendiz A.
6. ASYMPTOTIC OPTIMALITY

We now prove the asymptotic optimalities of (14,d ) and (vp,dp) for Problems 1 and 2 under Condition
4.5 (i) and (ii), respectively. We first derive a lower bound on the expected detection delay under the optimal

strategy.

6.1. The lower bound of the expected detection delay time under the optimal strategy. The
lower bound on the expected detection delay under the optimal strategy can be obtained similarly to CPD and
SMHT; see Baum and Veeravalli [1994], Dragalin et al. [1999], Dragalin et al. [2000], Lai [2000], Tartakovsky
and Veeravalli [2004] and Baron and Tartakovsky [2006].
Lemma 6.1. For everyi € M, we have

D" (r)

liminf  inf — — > 1
Ril0 (r.d)eA®) (|log (Rjgiyi/vi) |/1(3))

The proof of the lemma is given in the appendix. This lower bound and Lemma 4.6 can be combined to

obtain asymptotic optimality for both problems.

6.2. Asymptotic optimality of (74,d4) for the Bayes risk minimization problem. We now study
how to set A in terms of ¢ in order to achieve asymptotic optimality in Problem 1.

We see from Proposition 3.3 and Lemma 4.6 that the false alarm and misdiagnosis probabilities decrease
faster than the expected delay time and are negligible when A and B are small. Indeed, we have, in view of
the definition of the Bayes risk in (11), by Proposition 3.3 and Lemma 4.6,

(c;a,m) —log A; \™ —log A;\™
(53) R1 (TA7 A) C ( l(Z) > + o C ( l(z)
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as A; 1 0 for any 0 < 0; < @; for every i € M.

This motivates us to choose the value of A; such that it minimizes

(54) §O() = c (‘ll(‘f“)m o,

over z € (0,00). Hence let

(55) Ai(c) € arg minggc) (x), ¢>0.
z€(0,00)

For example, A;(c) = ¢/(0;l(i)) when m = 1. It can be easily verified that for every m > 1 we have

A;i(c) % 0 in such a way that log A;(c) ~ logc as ¢ | 0. Hence we have

c,a,m c _1 m
(56) REO™ (140 daiey) ~ 9 (Ai(0)) ~ ¢ (l(f) as ¢ 10,

Consequently, it is sufficient to show that

(57) lim inf

The proof of the asymptotic optimality below is similar to that of Theorem 3.1 in Baron and Tartakovsky

[2006] for CPD and can be found in the appendix.

Proposition 6.2 (Asymptotic optimality of (74,d4) in Problem 1). Fiz m > 1 and a set of strictly positive
constants a. Under Condition 4.5 (i) or 4.8 (i) for the given m, the strategy (Ta(c),da(c)) s asymptotically
optimal as ¢ | 0; that is (25) holds for every i € M.

It should be remarked that the asymptotic optimality results in this section hold for any 0 < o; < @;.

However, for higher-order approximation, it is ideal to choose such that
(58) R(14,da)/Ai 5% o

in Section 7, we achieve this value using nonlinear renewal theory.

6.3. Asymptotic optimality for the Bayesian fixed-error probability formulation. We now show

that strategy (vp,dp) is asymptotically optimal for Problem 2. By Proposition 3.3, if we set
BU(E) = Eji/l/i for every 1€ M, ] € Mo \ {Z},
then we have (vpg), dpm) € A(R) for every fixed positive constants R = (Rji)ier,je Mo\ {3} -

Proposition 6.3 (Asymptotic optimality of (vg,dg) in Problem 2). Fiz m > 1. Under Condition 4.5 (ii)
or 4.8 (ii) for the given m, the strategy (vp ). dpx)) is asymptotically optimal as |R|| | 0; that is (26)
holds for every i € M.

Proof. By Lemma 6.1 and because (vg g, dpz)) € A(RR), we have

D(m)’U .
lim inf D Vem)
Rilo (|log (Rjyi/vi) 1/1(2))
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On the other hand, by Lemma 4.6 (ii), Upm) < U(ii and because R; | 0 is equivalent to B; i) (R) 10,

. DZ”(UB(E)) . Dzm(UB(E))
lim sup — —7 = limsup — —m < 1.
R0 (11og (Rjqyi/vi) |/1(2)) R0 ([log Bije (R)|/1(7))

7. HIGHER-ORDER APPROXIMATIONS

In this section, we derive a higher-order asymptotic approximation for the minimum Bayes risk in Problem
1 by choosing the values of o in (53) proposed in the previous section. Proposition 3.3 (i) gives an upper

bound on (RZ(,“)(.7 -))iem , and here we investigate if there exists some o such that (58) holds.

7.1. Asymptotic behavior of the false alarm and misdiagnosis probabilities. Fix i € M. By (13)

and because 74 = 1(:) on {ds =1i,0 <74 < o0}, we have

(59)  R(7a,da)/Ai = Ei|Liaumi, osra <o G (78 /A = By [exp {~H" (40 }],  where

(60) H(4;) = —1og G (7)) +1og Ai =108 14, —i. g<rs<o0}-

Suppose that Hi(a)(Ai) is bounded from below by some constant b and Hi(a) (A;) converges as A; | 0

Z is continuous and

in distribution to some random variable Hi(a) under P;,. Then, because =z — e~
bounded on z € [b,o0], we have Rga)(deA)/Ai A0, IEJZ'[eXp{—HZ-(a)}]7 and therefore (58) holds with
o; = Eifexp{—H}].

Recall that TS) is the first time the process <I>£f ) exceeds the threshold —log A;, and —log A; 1T 00 <
A; } 0. The following lemma shows that the convergence holds on condition that the overshoot
(61) Wi(A;) == @jf(}) — (—log A;) = @TZ“ +log A; >0

converges in distribution as A; | 0 to some random variable W, under P;.

Lemma 7.1. Fizi € M. If j(i) is unique and the overshoot W;(4;) in (61) converges in distribution as
A; 1 0 to some random variable W; under P;, then (58) holds with o; := a;;);Ei[exp{—W;}].

Proof. 1t is sufficient to prove that Hi(a)(Al-) in (60) converges in distribution as A; | 0 to W; —loga;;);
under P; and that Hl-(a)(Ai) is bounded from below by some constant. Because

—An(i,9)

GYny= Y ajiE’An(iaj)Z( > e ) 2jemo\(i) i€

— n>1
. . —An(i,9) -7
JEMo\{i} jeEMo\{i} ZJGMO\{Z} € !

)

and we have by (16)

> e mo (i} Gi exp { — A (i,5)}
Yiemongy &P { = Ao (i 5)}

(62) —log Gl(»a) (TX)) +log A; = W;(A;) — log
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Because j(4) is unique and A, (4,7)/n % 1(i,7) for every j € Mo \ {i} and (i) < I(i,5) for every
je Mo\ {i7()}, we have

— 7,7 .. A"L(i’ (7')) _ An(i’ )
ZjeMO\{i} aj;e An(id)  ajey + Zje/vto\{z‘,j(i)} aji €Xp (" [ 3 o D P;-a.s.

y e AnGid) L+ Y o iy €5 (n [An(iﬁj(i)) _ A"S’j)D ntoo

@j(iyi-

ZjEMo\{i

Because TX) IPZ—?’;) oo by Proposition 3.5, this implies

ZJGMO\{i} @ji €Xp {_ATX> (Z’])} P;-a.s.
2 jeMo\ (i} OXP {*ATE;") (i’j)} A0

(63) —log —log a;()i-

By Proposition 3.3, P; {ds =i,0 <74 <0} =1-— yi Zje/\/lo\{z'} R;;(Ta,d4) converges to 1 as A; | 0; i.e.,

in probability under P;
A; 10

1.

(64) 1{dA:i, QSTA<OO}

The assumption on the convergence of W;(A;) together with (63)-(64) shows the convergence of Hi(a)(Ai).
Finally, because (62) is bounded from below by —loga; and —loglig,—; o<ry<oc} > 0, Hi(a)(Ai) is
bounded from below by — loga;. |

In Lemma 7.1 above, o; does not depend on a;; for every j € My \ {i,;(i)} and therefore we see that

Rji(T4,d4) is negligible compared with R;(;);(7a,da) for every j € Mo\ {7, ()} for small A.

7.2. Nonlinear renewal theory and the overshoot distribution. We now see that Lemma 7.1 indeed
holds via nonlinear renewal theory on condition that j(4) is unique. We obtain the limiting distribution of
the overshoot (61).

Observe that we have for every k € My \ {i}

(65) d = —log Z exp (—An(4,5)) = An(4, k) —mn (i k), m>1 where
JEMo\{i}
(66) (i, k) = log (1 + Y ep(Aik) - An(i,j))), n>1.
jEMO\{ivk}

By (45) and (65), we have 4 = > ovr Py (X0) + €n(i, 5 (), where

nA(0—1)
(67) Enli, § (@) == D hiy) (X)) +enlinj(0) —ma(i,5(0),  n>1, j(i) € alﬁg/rvlﬂinl(ivj)'
=1 JeEMo

We will take advantage of the fact that, given 6, the process Zznzew hij@iy(X1) is conditionally a random
walk and &, (4,7(i)) can be shown to be “slowly-changing”, in the sense that &,1(i,5(#)) — &,(¢,7(4)) =~ 0 for
large n. This implies that the increments of the slowly-changing process &, (i, j(i)) are negligible compared
to those of the random walk term Z?:le hij@iy(X1) at every large n. This result can be used to obtain the
overshoot distribution of the process ®( at its boundary-crossing time TX) for small A; by means of the
nonlinear renewal theory [Woodroofe, 1982, Siegmund, 1985]. Let us firstly give a few definitions and state

a fundamental theorem of the nonlinear renewal theory.
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Definition 7.2. A sequence of random wvariables (§,)n>1 is called uniformly continuous in probability

(u.c.i.p.) if for every € > 0, there is § > 0 such that P{maxo<k<ns [Ent+k — En| > €} < e for every n > 1.

Definition 7.3. A sequence of random variables (§,)n>1 is said to be slowly-changing if it is u.c.i.p. and

max {‘51 |a ceey |£n|} in probability
n ntoo

(68) 0.

Remark 7.4. If a process converges a.s. to a finite random variable, then it is a slowly-changing process.

Moreover, the sum of two slowly-changing processes is also a slowly-changing process.

The following theorem states that, if a process is the sum of a random walk with positive drift and a slowly-
changing process, then the overshoot at the first time it exceeds some threshold has the same asymptotic

distribution as that of the overshoot of the random walk, as the threshold tends to infinity.

Theorem 7.5. (Woodroofe, 1982, Theorem 4.1; Siegmund, 1985, Theorem 9.12) On some (Q,E,P), let
(Zn)n>1 be a sequence of i.i.d. random variables with some common nonarithmetic distribution and mean
0<EZ; < 0. Let (§n)n>1 be a slowly-changing process and that (Zy)k>n+1, is independent of (&§)1<i<n for
everyn > 1. If T, := inf{n > 1: Yor 1 Zi =&, >b and Ty :=inf{n >1:>"" | Z; > b} for every b >0,
T,
Wy ::;Zi_fﬁ bW,

where W is a random variable with distribution
Sy P, Zi> s} as
T
E [Ziil Zz}

We fix i € M and obtain the limiting distribution of the overshoot W;(A;) as 4; | oo using Theorem 7.5.

P{W <w} = , 0 <w < oo

.

Lemma 7.6. Fizic M andt > 0. If j(i) is unique, then &,(i,j(i)) is slowly-changing under P

)

Proof. Tt is sufficient to show that &, (4,7(i)) converges IP’gt -a.s. to a finite random variable by Remarks 2.5

and 7.4. Firstly, because j(i) is unique, j(i) € T; by Remark 5.11 (3). Consequently, €,(i,j(¢)) converges

]P’Et)—a.s. to a finite random variable by Lemma 5.6 (iv) and (v). Secondly, n,(%,j(i)) converges ]P’Z(.t)—a.s. to
zero by Propositions 4.1 and 4.2. Finally, lim o Zl":Al(e_l) log (fi(Xl)/fj(i)(Xl)) exists Pgt)—a.s. and equals
]P’Et)—a.s. finite random variable Z?;ll log (fi(X1)/ f0)(X0)). O

For every ¢t > 1 and j(i) € argmin;¢ rq,\ 43 {(4, j), define a stopping time,

Ti(t) -— inf {n >t élog (m) > O},

and random variable Wi(t) whose distribution is given by

w (1) [ T A (X
Iy P; {Zl:t log ff(ig()lf)z) > S}ds

) [ 1" (X ’
E; {Zl:t log ff<(><x)l)}

(69) POW <w) =

0<w< oo.

The next lemma follows immediately from Theorem 7.5.
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Lemma 7.7. Fizi € M and t > 0. If j(i) is unique, then the overshoot W;(A;) converges to Wi(t) in
distribution under ]P’Z(.t) as A; 1 0.

Note that the distribution of Wi(t) under IP’l(-t) is identical to that of Wi(o) under PEO) for every t > 1, which

leads to Lemma, 7.8 below.

Lemma 7.8. Fizi € M. If j(i) is unique, then the overshoot W;(A;) converges to a random variable W;
in distribution under P; as A; | O where the distribution of W; under P; is identical to that of Wi(o) in (69)

under IP’EO).
Proof. Let g : R +— R be a continuous and bounded. Then lim4, o E;[g(W;(4;))] =

. > - (t) . = . . t o > . t) t)
m;m{e—t}& [g(Wi(Ai))]—;Pi{H—t} /glgﬁ)EE’mwi(Ai))J—gm{o—tmi g (W)]

= Z]Pi {0 =1t} EEO) g Wi(O) = Ez('O) g Wi(O) =Ei[g (W],
o ()] =& s (7:”)]
where the second equality follows from the bounded convergence, and the third equality from Lemma 7.7. [

Finally, Lemmas 7.1 and 7.8 prove Proposition 7.9 below.

Proposition 7.9. Fizi € M and suppose j(i) is unique. Then R§“> (Ta,da)/A; A0, ajiyiEi [e=Wi], where
W is the random variable defined in Proposition 7.8. Therefore, a higher approzimation for Problem 1 can

be achieved by setting in (54)
(70) g; = aJ(Z)ZE’L [e_wi} .
8. NUMERICAL EXAMPLES

We focus on the Bayes risk minimization problem and evaluate the performance of the strategy (7.4, d A(C))
numerically in the i.i.d. Gaussian case described below. The asymptotic optimality of the strategy ensures
that the strategy is near-optimal when the unit detection delay cost ¢ is small. The numerical example

suggests that it is still near-optimal for mildly higher values of the unit detection delay cost.

8.1. The Gaussian Case. Suppose that the observations X,, = (X,(«Ll)7 . ,X,(lK))7 n > 1 form a sequence
of K-tuple Gaussian random variables. Conditionally on 8 and p, they are mutually independent and have
common means ()\(()1), e )\(()K)) before 6 and ()\,(}), cee )\,SK)) at and after # and common variances (1,...,1)
at all times. The Kullback-Leibler divergence between the distributions probability density functions under

p=tiand p=7jis

K
1 2
q(i,§) = 3 E ()\gk) — )\gk)) for every i € M, j € Mo\ {i}.

k=1

Because Conditions 5.4 and 5.8 are satisfied, Proposition 5.10 holds with

Lm0 @) Lm0 02
@) tid) =min{o+ 53" (A0 - 3)" 53 (0 -a) L demi
k=1

k=1

2
and 1(1,0) = 0+ % Zszl ()\gk) - )\(()k)) for every i € M.
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iNj| 0 1 2 3
1 [012540 - 0.0050 0.12540
2 |0.15040 0.0050 - 0.12500

3 10.42540 0.18000 0.1250 -

TABLE 1. The limits [(,j) of Proposition 5.10 calculated for the numerical example
(argmin;e g0\ (43 (4, §) values are indicated in boldface).

8.2. Numerical validation of Proposition 5.10. Let us first numerically validate Proposition 5.10. Let
M=3K=1p=0,p=0.1, (vi,v9,v5) = (1/3,1/3,1/3), and AV, A" A0 A) = (0,0.2,0.3,0.8).
The limiting values I(-,-) in (71) are reported in Table 1.

Figure 2 shows sample realizations of (A, (u,j)/n)n>1 for every j € {0,1,2,3} \ {u} and (@;”)/n)nzl
given that (a) p =1 and = 10, (b) g =1 and 6 = 1000 and (c) ¢ = 2 and 6 = 10. Note that the figures
are consistent with the limiting values reported in Table 2 as expected from Proposition 5.10. As we know

for sure from Proposition 4.2, the process (CI%(f ) /n)n>1 graphically seems to converge to (7).

N N . N
=} =} . =}
DT S . S U 0.1254 01500 .
S T e-osRIATATpcATAzAzAzA=AcASASA=ASATATA = N e A-aThTA
pi pe] 2TATATAzpzAsAsazazas o A N N N N
a- ' Ay
o o 8- E g om-m-A-E-m-b-E-E-E-B-g-a-m g
S O | g-mm-E- 8- B R - g~ - BB - S o |-t LR A e S A Pl At gt H-B-HE S O | R ¥y oW F R ¥R R BB oW YRR Fn
3 S Bots s S 0005 = Bots
> > >
—— Process 0 , —— Process 0 —— Process 0
- —&- Process 2 e ! =~ Process 2 — -~ Process 1
o —&— Process 3 o —— Process 3 o |4~ Process 3
[ — Process phi ! —¢ Process phi ! | Process phi
N N : N
© |theta=10 o 1 theta = 1000 © theta=10
! T T T T ! T f T T ! T T T T
500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
n n n

(a) (b) ()

FIGURE 2. The realization of Process j: (An(u,j)/n)n>1 for every j € {0,1,2,3}\ {u} and Process
phi: (<I>5L“>/n)n21 given that (a) p = 1,0 =10, (b) = 1,6 = 1000, and (c) p = 2,0 = 10.

8.3. The numerical comparison of the exact and asymptotic expressions for the minimum Bayes
risk. We calculate the exact minimum Bayes risk by solving a suitable dynamic programming problem and
its asymptotic expression for the following example of the Bayes-risk minimization problem. We assume
that M =2, K = 2, po = 0, p = 0.01, (v1,v2) = (0.1,0.9), and the mean vectors A\g = (/\él),A(()z)) and
A= ()\El), )\f)), 1 = 1,2 before and after the change, respectively, satisfy

1 1 1 1
AP =AM 410, A =AM + 10,
2 2 2 2
A2 =P 400, AP =P +05.
Table 2 compares the performances of the strategy (74(c), da(c)) and the optimal strategy for fixed a;; = 1

for every i € M and j € Mo\ {i} as the unit detection delay cost ¢ changes. The optimal stopping regions are
found by the value iteration algorithm described by Dayanik et al. [2008]. The Bayes risks of the strategies
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are estimated via Monte Carlo simulation. For accurate approximations, we used (70), and (0;);enrm are
computed with Monte Carlo methods.

We see that (T4(c),da(e)) is asymptotically optimal; the ratio of the optimal and approximate Bayes risk
values converges to 1 as ¢ | 0 as listed in the last column. Moreover, the approximate Bayes risk values are
near the minimum Bayes risk value even for large ¢ values, and this is due to the higher-order approximation

as studied in Section 7.

c Minimum Bayes risk | R(Ta(c), da(c)) ratio
0.020 0.2896362 0.30860624 1.065496
0.015 0.2422770 0.25750238 1.062843
0.010 0.1869979 0.19718571 1.054481
0.005 0.1203246 0.12367423 1.027838

TABLE 2. Numerical comparisons of the optimal and approximate (74(c),da(c)) Bayes risk values.

ACKNOWLEDGMENTS

The authors thank Professor Alexander Tartakovsky for the illuminating discussions. The research of
Savas Dayanik was supported by the TUBITAK Research Grants 109M714 and 110M610. Warren B. Powell
was supported in part by the Air Force Office of Scientific Research, contract FA9550-08-1-0195, and the
National Science Foundation, contract CMMI-0856153. Kazutoshi Yamazaki was in part supported by
Grant-in-Aid for Young Scientists (B) No. 22710143, the Ministry of Education, Culture, Sports, Science and
Technology, and by Grant-in-Aid for Scientific Research (B) No. 2271014, Japan Society for the Promotion

of Science.

APPENDIX A. SUFFICIENT CONDITIONS FOR THE r-QUICK CONVERGENCE

We study sufficient conditions for Condition 4.8. Because Condition 4.8 (i) implies (ii), we focus only on
obtaining a sufficient condition for (i). We fix i € M and assume that I'; # @ and hence j(i) € T';; see
Remark 5.11 (iii).

By (42) and (65), for every j(i) € minje a5 1(, ),

B = 3" hij)(X0) + i () = ma(i,(5),  where eq(i,j(i)) = L& — LY@ 4 log v, — log vy .
=1

In order to obtain the r-quick convergence, it is sufficient to show under P; that there exists j(i) €

minje aq 43 [(4,7) such that

1 n
(72) r-quick- li%i?f - ;:1 hijy (X)) > 1(3),
1 L
(73) r-quick- lirr% inf —(—LU@)) >0,
n|Too n

1
(74) r-quick- lim inf — (—n,, (4, 5(¢))) > 0,
ntoo N
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because L'} is bounded from below by log[po + (1 — po)p]. We see that the random walk term in (72)

converges r-quickly under some mild conditions. Additional conditions are needed to obtain the r-quick

convergence for the slowly-changing terms in (73)-(74).

A.1. Condition for the Random Walk Term. We first split the term into the post- and pre- change
terms; L 3" o0 By (X)) + & Zn/\ (0-1) hij(l-) (X;). We will see that the r-quick convergence of the first and

second terms, respectively, require (75)-(76) in the condition below.
Condition A.1. Fizi € M, j(i) € argmin;c rq,\ 43 [(i,7) and r > 1,
(75) E [y (X0)| < oo,
(76) E(>) [hij(i)(Xﬂl] < 0.
In order to give a sufficient condition for the post-change term, we use the following theorem.

Theorem A.2 (Baum and Katz [1963], Theorem 3). Let & = (&,) be a sequence of i.i.d. random variables
defined on a probability space (Q,E,P). Then, for everyt > 1 and r > 1 such that 1/2 < r/t < 1, the

following three statements are equivalent:

(i) El&1]* < 00 and E& = p

) i nr72P{‘ Zn: & —p) ’ > nr/td} < oo, for everyd > 0;

=1

(uii) an 219’{ sup

m>n

m

S (& — ) fm "
=1

> (5} < 0o, for every d > 0.

Lemma A.3. For fived i € M, j(i) € argmin e a0\ (53 U(3,5) and r > 1, if (75) holds for the given r, we
have r-quick-lminf, oo 23700 1 hijiy (X)) > 1(i) under P;.

Proof. Fix 6 > 0 and let Ty := inf {n >1:inf,>, = = Yoour hij(X1) > 1(i) — (5} Because Ty < (T5—6),+6,
it is sufficient to show that E; [(T5 —6)"] < oc.
Fixt>0and n > 1,

PO (T - 0> n} =P {Ty > t+n} = P mf( }:hm)xy)gxafa}

m>t+n
[=tVv1
. 1 & ) tvli—1_ .
~H{ it [ 5 (v - 10) - A 0] < o)
. 1 « . t
<Pt [ 3 (o0 —10) ] - 0 < o)

<BO{ i [2 3 (b -10) ] < -2} + O] iy = 3)

m>t+n
- l=tVv1

o . 1 - _ i i
<P {mginLn—tV1+ﬂj§;1wwuﬂXU K))]< 2}+1{44u2%}

(77) = An(0/2) + Lin<an(iy/s—t}
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where for every § > 0

A (8) = Pg.t){ inf [; Zm: (hij(i)(xl)—m))] < —S}

m>t+n lm —tV1+1
l=tVv1

:]p§°>{ inf [%Z (s (X2) = 1(i ))] _5}’

m>n
=1

3

because X, X¢41,... are conditionally i.i.d. given 6§ = ¢. Hence,

(78)  EV (T3 —0)}] <oco<= D n P Ts — 0> n) <oco= Y nLAL(0/2) + b(t) < 00

n=1 n=1
where
o0 |261(3) /6t
Z Mmooy = p, 0 < [20(0)/8 —t]" = b(1)
n=1 n=1

with |z] the greatest integer smaller than or equal to any real number z. Now, by Theorem A.2 (iii),

0) Uhij(i)(Xl)‘r+1} < 00 —> inr—lpgm{ sup

m>n

li (hiso)(X2) = 1)) | = 8} < 00, ¥6 >0
(79) =t
ZT LA, (6) < 00, V5 > 0.

Because E; [(T5 — 0)'] = poE” [(Ts —0)5] + 3721 —po)(1 — p)t1pEY [(Ts — 6)",], this is finite by
(78)-(79) and

oo

Z " AL(6/2) + pob(1) + Y (1 = po)(1 = p)' ' pb(t) <
t=1

We now prove for the pre-change term.

Lemma A.4. For fived i € M, j(i) € argmin e s\ (53 1(3,5) and r > 1, if (76) holds for the given r, we

have r-quick-liminf,1 L Zn/\(e 2 hiji)(X1) > 0 under P;.

Proof. Let Ts5(i,7) = inf{n > 1 : inf,,>, = Zle Ham h”(z)(Xl) > —0} for every § > 0. We have
Eil(S02) hijeoy (X0)-)T] = 2502(1 — po)p(1 — p) BV (] h”(z)(Xl)_)T], and because z — z" is con-
vex on (0, 00), we have E{” [(Y12] hajoy (X0)—)™) = ECI[(TIZ] hijeoy (X1) )] < (8 — 1B Ay (X1)7],

and therefore
o0
th( (X1)-)"] S EC[hyy)(X1)"] D (1= po)(1—p) ~'p(t —1)" < 0.
t=2

Now we have, for every n > 1,

(6—1)Am

Pi{Tg(i7j)>n}:Pi{ inf { Z R }< 5}

m>n Lm
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(0—1)Am 0—1

SPi{SUP[ Z hiji) (X1) ]Zé}SPi{

m>n I

hijeo (X1)- > } {Zh”(l X))_ >n5}

=1

SER

and therefore

6—1

Ei[(ezlhw)(xl) ) | <oo— ZnT P 3 hijo(X0)- 2 nd} < o0, ¥ >0
=1

=1

= Z n" IR {T5(i,5) > n} < oo, V6 > 0 <= E; [(T5(4,5))"] < oo, V& > 0,

n=1

as desired. O

By combining Lemmas A.3-A.4, we have the following.

Lemma A.5. Fizi€ M. Under Condition A.1 for some j(i) € argmin;c nq,\ g5y {(4,§) and v > 1, we have
r-quick-lminfqoe = 377 hyjy (X0) > 1(i) under P;.

A.2. Condition for the Slowly-Changing Term. We now focus on the standard case where m = 1 and
obtain sufficient conditions for the 1-quick convergence.

Fix i € M and let

f](p)(.’li) — (1 —p)fo(l‘), Jj= 0, . z€eB,

fj(x)v ]#03

and we assume (1, j) := E(*) {fl(p) (Xl)/f](p) (Xl)} and ;(l,7) = EEO) {fl(p)(Xl)/f;p)(Xl)} exist for every
jEMo\{Z} andlEMo\{i,j}.

Notice that ~;(-,-) is closely related to the limit I(-,-) and the Kullback-Leibler divergence ¢(-,-) in (35).
Recall that E{” | log(f"” (X1)/f" (Xl))} = 1(i,§) — 1(i,1) for all j € Mo\ {i} and I € Mg\ {,j}. We have
chosen j(i) such that {(7,j) is minimized over j € Mg \ {i}, and hence

(») X )
(80) E® [10g K1)
o2 (X0

J(i

}<0,

for every I € Mo\ {4,7(¢)}.
Similarly to the Kullback-Leibler divergence, ~;(+,-) is another measure of the distance between two den-

sities. We see that if j(i) attains the minimum under this measure as well, we have the 1-quick convergence.

Condition A.6. Suppose I'; # @ and there exists j(i) € minjepm, 1(2,7) such that vo(l,j(2)) < oo and
%i(l,§(0) <1, for every L € Mo\ {i,(i)}.

Fix j(i) and I € Mo\ {1,5(i)}. By (80), we have expE{” [log(f{*’ (X1)/f{}(X1))] < 1. Although this is

not sufficient because, by Jensen’s inequality, exp ]E(O) [log( (p)( )/fj(z) (X1))] < EEO)[ l(p) (Xl)/f;fi))(Xl)} =
vi(l,7(3)), we expect that the difference is small and it is likely that ~;(l, j(¢)) < 1 holds.

We now prove the convergence result for (73)-(74) given Condition A.6.

Lemma A.7. Given a stochastic process (Gpn)n>1 bounded from below by some constant b € R and r > 1.

IfE [(sukal Gk)r] < 00, then we have r-quick-liminf, 1o (—G,)/n > 0.



ASYMPTOTIC THEORY OF SEQUENTIAL CHANGE DETECTION AND IDENTIFICATION 31

Proof. Define Ty := inf {n >1:inf,,>, (—~Gyp)/m > =3} for every § > 0. Let b := 0V (=b) > 0 (and
Gr+b> 0). We have
E|(supG T<oo<:>E sup(Gy + b T<oo<:> n" P sup(Gy +b) > nd b < oo, V5 > 0.
(6] | [((+) | > G+ > )
Moreover, we have P{supk>1(Gk +b) > n5} > P{sup,,>, Gm/m >} = P{infp>n (—Gpn)/m < =0} =
P{T5 > n} for all § > 0, and therefore we have Y~ n"'P{Ts > n} < co <= ET} < oo, for every § > 0
as desired. g

Lemma A.8. Fizi € M and j € T;. If7(0,4) < 0o and 7i(0,§) < 1, then 1-quick-liminf o0 (—LY)) /n >
0.

Proof. 1t is sufficient to show by Lemma A.7 that E; {supnz1 lej)} < oo. For every t > 0 and n > 1, we

have by Jensen’s inequality

n k—1
]Egt) [L;j)} = Egt) {log (po +(1—po pz H p) fo(X; /fg(Xl))ﬂ
k=1 1=1
n k—1
<tog (po+ (1= po)p > [T B (1= p)fo(X0)/£3(X0)) )
k=11=1

n (k—1)A(t—1)

k—1
= log (po+ 1—po)p ) H %(0,5) T1 %(O,j))
k=1

I=tv1
n (k—=1)A(t—1) k—1
<log (m+> 10(0.5) T 7(0.5)).
k=1 =1 I=tv1
Moreover, we have
n (E=1)A(t—1) k—1 oo t—1 k—1
> H %(00,5) TT %(0.5) <D T[] (00,5 v 1) T 70,9
k=1 I=tv1 k=11=1 I=tv1

= (70(0,5) v )OS 450, ) FTVIVO = (350, 5) v 1)UV (V1) — T+ (1= %(0,5)) )
k=1

< (9(0,7) VD) (¢V 1+ (1 =7(0,0)7"),
and therefore
E” [LS)} < log (po +(20(0,7) V)" (£ V 1+ (1= 7(0.5)) )
§10g<(70(0,j)\/1) (po+tV 1+ (1—%(0,5)7") )
= tlog (70(0,5) V1) +log (po +t V 1+ (1 —~(0,5)"")
< tlog (70(0,5) V1) +1log (tV 1) (po + 1+ (1 —%(0,5)71))
)V 1)

= tlog (70(0,5) V 1) +log(t v 1) +1log (po + 1 + (1 — 7:(0,5)) "),
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which is independent of n. Thus Egt) {supn21 LSS)} < tlog (70(0, 5) V 1)+log(tv1)+log (po + 1 + (1 —7(0,5)) 7).
Finally, we have E; [supn21 Lﬁﬂ)} < (Ef)log (v0(0,7) V1) + E[log(6 v 1)] + log (po +1+(1- %‘(O,j))_l),
which is finite by the definition of 6. O

Lemma A.9. Fiz i € M. If Condition A.6 holds with some j(i) € minjem, [(4, ), then we have 1-quick-
lim inf 1o (~1a (i, 5(8))) /2 > 0.

= MaX;e pm,\ {4,(i)} Y04, J(7)) < oo and %(i) = MaXje pmo\{i,5()} Vil(d,7(7) <

1. By Lemma A.7, it is sufficient to prove E; [sup,,>; (i, j(i))] < oo. Fix n > 1, we have by Jensen’s in-

Proof. By assumption, we have Wé R

equality

Egi) [ig}i nn(z,](z))] < Egt) [log (1 + Z sup (ag)/ag(i))) )}

jEMo\{ini()} =1

cus(e T fup(oiego)] ) ses(e 3 SE0[seo))

JEMo\{ii (i)} n21 JEMo\{ij(i)} n=1

<lo (1 + (M -1 max Egt) {a(j) a(j(i))] )
¢ ( )nzljeMo\{mm} W

Let Q; = m ((1 —po) V (maXJEM\{,L’J(,L)} VJ)) We have

E(t { (0) /CV(J z))} ()(po]-_'__Zl?O_pO H (t) fO(Xl)/f] ( )}
Vj(i =1
- b Mﬁl)E(” 1—p)fo(X1)/ fi) (X)] || E [(1 = p) fo(X0)/ fi) (X0)]
Vi) (po + (1 = po)p) oK)/ Iy () iyl P

i ((t—=1)An)VvO0 i (n+1—tv1)v0 i o\ (RO
< ay (75 )> (’Yz( )) <a; (75) N 1) (%( )> :

For every j € M\ {4,j(i)}, we have

ag) Vj expLg) - fi(X1)
QD = i (po + (1= po)p) 11 Fi (X0)

_ _ - p)F1
B (z)(pO =+ (1 _pO [ H f](z Xk 1 pO)p; H f](z H f](z :|
} 5 (Xk) B - ) = on T fi(Xm)
S‘“[p()kr_[l Frow p“”“,; H H . Fio(X >]
and thus its expected value under ]P’l(»t) for fixed ¢ > 0 is bounded from above by
fi(Xk) B =R O ORE - m)
az[poHE [fm )t po)p;(l ») l_IEZ- [f() %) H [fm( S

<o I1 [0 0o T RG] = [))]
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n

<ol I [70 5050 v [ o))

<a; (’yéi) v 1) (%_(i))(n—t)vo.

Combining these bounds together, we have

Mg

E [ supmn (i, (0))] < 1og (1+ (M = (1§ v 1)!

n>1

( Z_(i))(n—t)vo)

(1- 'yi(i))_l—&—t))
o (0 1 (1911

= tlog('yé V1) +log (1 + (M —1)a; ((1 - 'yi(i))fl + t))

I
—

/\3

< log (1+ (M — Dai(y” v 1)"

< tlog(7{" V1) +log(t v 1) + log (1 (M~ Da ((1 — iy 1)) .

Finally,

E; [sup nn(z,](z))} < Eflog (’yéi) v 1) + Elog(6 v 1) +log (1 + (M —1)a; ((1 - vi(i))fl + 1)) ,

n>1

which is finite by the definition of . Hence the proof is complete by Lemma A.7. O

A.3. Condition for the r-Quick Convergence. We now have the following using Lemmas A.5, A.8 and
A.9.

Proposition A.10. Fizi € M. Suppose Conditions A.1 and A.6 hold for some j(i) € arg min;e a0\ (53 1(4, ),
then Condition 4.8 holds for the given i and r = 1.

APPENDIX B. PROOFS

B.1. Proof of Lemma 5.5. For the proof of Lemma 5.5 (iii), we will need the next sufficient condition for

uniform integrability, the proof of which can be found in Woodroofe [1982].

Lemma B.1. Let (X,,)n>1 be a stochastic process and r > 1 be fizred. Then (| X,|")n>1 is uniformly integrable
if [ @ sup, sy P{|Xn| > 2}dz < oo.

Proof of Lemma 5.5. Let ¢, = log ([[j_; &) = >, log&s. We will firstly prove (i)-(ii) by considering
cases —00 < A < 0,0 <\ < oo, A =00, and A = —o0, separately.

Case 1: —c0 < A < 0. First, because 1, > (1/n)loge®s = &, /n = (log&;)/n, we have liminf, 400 7 > 0
a.s. It is, therefore, enough to prove that its limit superior is less than or equal to zero.

By the SLLN and because T is a.s. finite, the exceptional set
(81) Qo :={weQ:w)/n» Aor T(w) = oo}
has zero measure. Fix w € Q\ Qo and choose sufficiently small € > 0 such that A +& < 0. Then we can
choose N (w) > T(w) such that, for every k > N (w),

Cr(w) — Cr(wy—1(w)
k—(T(w)—-1)

<A+e<0.
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For every n > N.(w), we have

N (w)—1 n
(82) e¥n(w) — C+Z€Ck(w —c+ Z oSk (@) + Z oSk (@)
k:Ns(“")
Because A + ¢ < 0,
n n n
Z k(@) — olrw)-1(w) Z Sk (W) =Crw)—1(w) < ST (w)—1(w) Z e(F=T(w)+1) (M te)
k=N, (w) k=N, (w) k=N, (w)

n

oo
= STt @HETE@HDOH) S hOte) < lr-1@HET@H) (e $7 h(rte)

k=N, (w) k=0
which equals e$7)-1(@)+(=TW)H1(A+e) /(1 — eAe) and hence (82) is bounded from above by

Ne(w)—1 Cr(wy—1(W)+ (=T (w)+1)(A+e)
._ Celw) 4 €T
wyi=ct Y e 4 1_ orte < 0,

independently of n. Therefore, lim sup, 4, 71n(w) = imsup, 1., (¥n(w)/n) < limsup, 4, (log B(w)/n) = 0, as
desired. Because PP (Q\ €9) = 1, we have limsup, 4, 7, < 0 a.s. Finally, because ¢, (w) < log B(w) for every
n > N.(w) for a.e. w and because 1, is increasing in n, 1, converges to a finite limit a.s.

Case 2: 0 < )\ < co. First note that, the SLLN and the finiteness of T" imply

n—T+1 1 =
1 1 : log &), %55 \;
> — log(& Z 0g &+ — ”_T+11§T 0g &k 3 A

therefore, liminf, 10 1, > A a.s. It is now sufficient to show that lim SUPy 100 MTn — A<0.

Fix any realization w € Q\ g and ¢ > 0, where Qg is defined in (81). Let N.(w) > T'(w) be such that

Gk (W) = Cr(w)—1(w)

(83) k> N.(w) F—TD)

<A+te.

Then for every n > N, (w),

Dn(w) — A = %log (CJan:eck(w)) _
(e S e 3 )

k=N, (w)

n

N (w)—1
_ l log (667")‘ + E oSk (W)—nA + ST (w)-1(w) E eck(w)7CT(w)—l(w)7n)‘>
n
k=1

k=N¢(w)
Ne(w)—1 e(n+1)
1 —n G@)=1A 4 pCrr 1@ HT@HD () €
<ﬁlog(ce + Z esk +€T() 657_1>7
k=1
where the last inequality holds because by (83)
n n n

T @ Cr @A o § TR0 A _ (CTEHRDO) 3 )
k=N, (w) k=N, (w) k=N, (w)
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n n n+1
< e(—T(w)+1)(>\+a) § : ek()\+5)—k)\ < e(—T(w)+1)(>\+a) § :eka < e(—T(w)-ﬁ-l)(A—i—a) ei( 1)
€€ —
k=N. (w) k=0

Moreover, for n > 7.(w) := N:(w) V [log(c + Zk;(lw%l e (@)Y / )], we have ce™ " + Zg;(lel eCr(@W)=nA < 1
thus, letting A(w) := (p)—1(w) + (=T(w) + 1)(X + ¢) gives

1 ef —1
A(w)+e(n+1)
(e 11+ s
1

66 — 1 ntoo
—_— — € —
= {A(w) +e(n+1) —log(e® — 1) + log (1 + CA@) et )} €

1 e(n+1) 1
Nn(w) — A < - log (1 + eA(“’)eEi) = log

Because € > 0 is arbitrary and P (Q\ Qo) = 1, we have limsup, 1., 7, — A <0, a.s.

Case 3: A = —oc0. For m € (0,1), n > 1, define fy(lm) :=mVE, > m. Because —oo = Eg[log&] =
Eo [(log &1)+]—Eo [(log&1)—], we have Eg [(log &1)+] < oo and Eq [(log &1) -] = oco. Consequently, Eq[(log §§m))+] =
Eo[(log m Vlog&1)+] = Eo[(log &1)+] < o0, and

Eo [(logéim))—} =Eo [(logm Vlogé&r)-] = Eo [(logm)_ A (log&r)-] < (logm)— < oc.

Hence, A\(™) := E, [log ﬂm)} is well-defined and

(6 A = B [(log &™) | — Eo [(log &™) ] = Eo [(l0a£1) ] — o [(log &™) |

for every m € (0,1). Because 0 < (logﬁgm))_ = (logm)_ A (log&1)— 1 (log&)— as m | 0, the monotone
convergence theorem implies that lim,, o Eq [(log §§m)),] = Eg[(log&1)_] = oo. Therefore, there exists
mo € (0,1) such that for every m > myg, Eq [(log ﬂm)),} > Eq [(log&1)4], and A € (—o0,0) by (84). Now
define

m m m) ~(m m m m 1 m
v = log (e+ €™ + ™M™ + o+ &™) and g =~y

) = 0 a.s. for every m > my.

)

for every n > 1 and m € (0,1). By Case 1, lim, 100 wﬁf” < oo and limy4e0 nflm

Because n +— 1, is increasing, lim,; 9y, exists, and since logec < ¥, < 9 for every n > 0 (note

& < f,gm) for every n > 0), we have logc < limp oo ¥n < liMppoo 1/17(:”0). Therefore, lim,4+o, 9, is also a finite
random variable and 7, = ¥, /n 00 as.

Case 4: \ = co. For every M > 1 and n > 1, define f,SM) =M A&, < M. Because oo = Eq [log&;] =
Eo [(log&1)] — Eo [(log&1)-], we have Eq [(log&)] = oo and Eq [(log&1)-] < co. Then Eof(log&f™)_]

Eo[(log M Alogé&i)—] = Eo[(log&1)-] < oo, and

Eo|(log &™)+ | = Eo [(log M A log€1)+] = Eo [(log M), A (log 1) +] = Eo [(log M) A (log €1) 4] < log M < oc.
Hence, \(M) .= E, [log f%M)] is well-defined and
(85) XM = By [(10g (™)1 | ~ Bo |(log (™) | = Eo [(log&{*”)] ~ Eo [(log &1)-]

for every M > 1. Because 0 < (logﬁ%M))Jr = (log M) A (log&)+ 1T (log&i)+ as M 1 oo, the monotone

convergence theorem implies lim a0 Eo[(log dM))_F] =Eo[(log&i)+] = oo.
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Therefore, there exists My > 1 such that for every M > My, Eq[(log §§M))+] > Eo[(log &1)-] and therefore,
M) € (0,00) by (85). Now, define

1
UM = log (e + &M + M 44 g™ g0D)and M) = —yM)

for every n > 1 and M > 1. By Case 2, limy, 100 n,(LM) = \M) P_a.s for M > M. Because &, > MAE, = ﬁlM),

we have v, > 1/),(LM) and 7, > n,(LM). Therefore, lim inf, 100 7 > liMypoe n,(LM) = M) for every M > M.

Finally, liminf,4o0 7 > limpsyee AM) equals by (85)
Jim (Eo [(log&f™) | — Eo |(log ™)) = Eo[(log&1)+] ~ Eo[(log&1)-] = Eolog&1] = A = o,

by monotone convergence, which implies limytoo 7, = A = Ay. This completes the proof of (i)-(ii).
We now prove (iii). Fix r > 1. We will show that

oo

oo
/ 2" sup P{|n,|" > z}dx = / "L sup P{|4h, | > na/"}dz < oo,
0 n>1 0 n>1

which implies the uniform integrability of ([7,|")n>1 by Lemma B.1. Note sup,; P{|¢n| > nal/m} <
sup,,s; P{¢n < —nz'/m} + sup, > P{¢, > na'/"}. Because 9, > logc, we have P{t, < —nz!/"} < P{¢, <
—x'/7} = 0 for every > |logc|” and n > 1, and hence
0o |log c|”
/ 2" Lsup P{y, < —na'/"}dx < / "tz < .
0 n>1 0

On the other hand, because &;,&2,... are conditionally independent given 7', and E[{y | T] = alp<ry +
Blig>ry < max{a, B} =: v < co, Markov inequality gives

P{ypn > na'/"} = P{c + z”: IT¢ > e"‘”l/r} < e—ml”lE[c + Zn) ﬁ §/J

N
Il
—
=~
Il
_
o~
Il
_
=~
Il
_

1+ r 1+
c+ T(lJrfy)”) <e ™ ! (c+ T’Y>(1+’y)n

- 1 - 1
< e—n(@'/"=) (ch ﬁ) < o=@/ =) (c + ﬂ) for every x > ~" and n > 1.
Y 0

Therefore,

> v 1 > -
/ " Lsup P{y, > nat/"}dx < / " e + (c + ﬁ) / 2" le= @ =My
0 n>1 0 Y ~T

1 1 &
= *7T2 + (C+ +’y)r6"’/ y’"2_1e_ydy < 00,
r
¥
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which completes the proofs of (iii). Finally, for the proof of (iv), note first that

1 & 1 — N
=~ log& and (0,7 < (=Y [log&l) < - D llogéul”
nk:l nk::l nk:l

because r > 1 and z — " is convex on z € Ry. Since for every £k > 1 we have E(|logé&;|" | T) <
max{Eno | log &1]"], Eol| log &1]7]}, we also get
T 1 . T 1 - ks T T
B2, < B[ Y log&el"] = © S"E[E(log&[" | 7)] < max{Bxc[|log& "], Bol| log&r|"]} < o0

n
k=1 k=1

for every n > 1, and sup,,»; E[®,|" < co. Moreover, for every ¢ > 0, there exists some § > 0 such that

max{Ps(A),Po(A)} < § implies that max {Ex [|log&1|"14],Eo [|log&1|"14]} < e, and
1 n
E[|®n["1a] < — > E|log&|"1a] < ~ ZE ([log&|"1a | T)] < max {Ex [|log&1|"14], Eo [|log &1|"14]} < &
k=1

for every m > 1, which implies, together with the boundedness of (E|®,|"),>1, that (|®,]")n>1 is uniformly
integrable. This completes the proof of (iv) and the lemma. O

B.2. Proof of Lemma 6.1. The proof of Lemma 6.1 requires the following three lemmas.

Lemma B.2. For everyi € M, j € Mo\ {i}, L >0, ¢ > 1, we have

ceLl(i.)

Pi{r—9>L}>1-R"(r,d) - Rji(r,d) = Pi{ sup An(i,5) > Ll )}.

Vi n<6+L

Proof. By Proposition 2.4, Rji(T,d) = v;E;[1¢4—;, 9§T<Oo}e_AT(i’j)] = El{,=i, 6<r<oo, d:i}e_A*(i’j)], and

Rji(r,d) > E[l{u=i, 0<T<0+L, d=i, Af(i,j)<B}€7AT(i’j)}

>e PP{u=i0<7<60+L,d=iA\.(i,j) < B}

ze_B(IP{u:i,9§7<oo,d:i}—]P’{M:i,9+L<T<oo}—P{,u:i, sup Ay (i,7) >B}),
n<6+L

for every fixed B > 0. Hence, we have P{u=1i,7—0 > L} >P{u=1i,0+L <7 < o0} >
P{‘LL:Z',QST<OO,d:i}*eBRji(T,d)*P{y,:i, sup An(i,j)>B}
n<6+L

=v; — ViRZ(»l)(T, d) — BBRji(T, d) — ]P’{u =1, sup A,(i,7) > B}.
n<6+L

Dividing by v; = P{u =1} gives P;{r —0 > L} > 1— Z- (T d) — ]1(7' d) —Pi{sup, <o, An(i,j) > B}.
The proof is complete by setting B = ¢Li(, j). O

Lemma B.3. For everyi € M, j € Mg\ {i}, L >0, and ¢ > 1, we have

) ) El cLl(i,j)
inf P; {T —0 > L} >1- ZJEMU\{Z} A ¢ Rji — ]P)Z{

(r.d)eA(R) v, ” sup Ay (i,7) > CLl(i,j)}

n<6+L
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Proof. By Lemma B.2, we have inf g Pi{r —0> L} >

L)

1— sup Rgl)(T, d) — sup  Rji(r,d) — ]P’i{ sup A, (3,7) > cLl(Lj)}.

(r,d)eA(R) Vi (r,d)eA(R) n<6+L

7ZEM‘;>“} Ry and Rj;(1,d) < E]z O

LToo

Then the lemma holds because (7, d) € A(R) implies that Rgl)(T, d) <
Lemma B.4. For every i € M and ¢ > 1, we have Pi{sup, <y, 1 An(i,5(i)) > cLl(i)} —

Proof. Because A, (i,7(4))/n converges P;-a.s. to I(i) as n 1 oo by Assumption 4.1, there exists P;-a.s. finite

random variable K. such that sup, - % = SUp, k., W < (1+(c—1)/2)i(7), P;-a.s. Moreover,

Pi{ sup An(i, j(i)) > cLi(i } { sup A ())+>cLl(i)}
n<O+L n<O+L
Pl{ sup An(i,5(@)+ +  sup nM > cLl(i)}
n< K.<n<6+L n
A (i (i
(86) Pl{ sup A, (4,5(i))+ + (0 +L) sup An(0,3(0) > cLl(z')}
n<K, K.<n<0+L n
A . . .
_ IEDz{Supn<K (Z))+ + 0+L sup An(zvj(l))-f— S Cl(l)}
L k.<n<o+L n

IN

Pi{supngm An (i, 5(0))+ Lo+1 sup An (i, j(3))+
L L n>K. n

> cl(i)}.
Because both K. and 6 are P;-a.s. finite, we have

SuPp<k, An(lv](Z»Jr 0+ L . An(Z,](Z))+ . An(%](z))+ c—1 . . .
[ 7 + i3 nzu}gc - ] = nb;l}gc — . < (1 + T)l(z) < (i), P;-a.s.

lim
LToo

by Remark 2.2. Thus, 1{( } Pmi) 0, implying

SUP,, < oo An (8,5 () 4)/ L+ 25 sup, s e, (A (8,5(6))+) />l (i)

L
ﬁﬂ)7

]P)i{supnch Ay (i, 5(3)) + n 0+ L sup A (i,5())+
L L n>K. n

> cl(i)}
and the claim holds by (86). O

Lemma B.5. Fiz0<d§ <1,i€ M and j(i). We have
log (R;(s)i/vi
liminf  inf ]P)i{T—eZ(sM} > 1.
R0 (rd)eA(R) 1(7)
Proof. Fix 0 < Rj(;); < vi. Then —log(Rj()i/vi) = |log(Rj(i)i/vs)|. If in Lemma B.3 we set j = j(i),
L := L(R;;);) = 6|1og (R;(y:/vi) | /1(i), and choose ¢ > 1 such that 0 < ¢§ < 1, then we have

1 i
inf Pi{7_925|0g( (z)z/V)\}

(r.d)EA(R) 1(z)
R FAYS R i 1—co
> 1 - Zuen@ B0 (i) g 6y ) > e} = 1 o)
Vi Vi n<O+L
as R; | 0, because 0 < 1 — ¢ < 1 and by Lemma B.4 noting that R; | 0 implies L 1 oo. O

Proof of Lemma 6.1. Fix a set of positive constants R, 0 < § < 1 and (7,d) € A. By Markov inequality,
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20 ((r=6))"
E; — | > 0P )
[(uog(RW/w) 1) E {(|1og( Byon/) 10— }

_ s ;|10g( j(i)i/’/i)| . - 1 |10g( (z)z/Vl)‘
751?1{7—925 T}Zéﬁ,g)ﬁli@)?’{T—aZ T}

Hence, we have

1 |log (Rjgiys /Vz)l}_

(m) (=
inf Di (7) inf Pi{%—ez 5 (
(R) l(@)

Ei — m 25 . _
(7.d)eA(R) [(log(Rj(i)i/yi) |/1(7)) } (7.d)eA

By taking limits on both sides,

(m) 1
liminf  inf EZ[ 7DZ (7) . m} > §liminf  inf [Pi{i— —0>4m z M}
R0 (dea®  (|log (Rjuyi/vi) |/1(1)) Ril0 (7.d)eA(R) I(4)

which is greater than or equal to § by Lemma B.5. The claim is proved because 0 < ¢ < 1 is arbitrary. 0O

B.3. Proof of Proposition 6.2. We prove (57) by contradiction. Assume on the contrary that

.. infgen RE™ (1, d)
lim inf ®)
cl0 9; (Ai(c))

<1,

implying that there exists a monotonically decreasing subsequence (c,)n>1 | 0 and their corresponding

strategies (77 ,d’ ) such that

cn7 Cn

R (7, dz,)

(87) lim

e <1
oo g (Ailen))

By (56), inf(raea R (1.d) < R (Tace,) dae,)) < 0. Therefore, |R(r;,. dz,)| “1= 0,

where R(r8,,dz,) = (Ri(78,d2) s st

sponding to the strategy (7 ,d* ). Consequently, Lemma 6.1 applies and we have

Cn’ Cn

are the false alarm and misdiagnosis probabilities corre-

D! > f D > (|1 i (T A2 ) v |1 1+ o(1)),
(7202 yeadat o DY) (o (Bias(r, d2,) /) [10)" (1 o(1)

where o(1) 1 0 as n 1 co. Finally, R“*™ (% d* ) > ¢, D" (7, 75 )+ ajayi Ry (T8 dE ) v >

Cn 7 Cn

(|10g J(Z)Z( - C Y/ vi) |/l 1+0(1))+aj(i)iRj(i)i(T:n7dzn)/Vi
= 9\ (log (Rjays (17, 2. ) /vi) )1+ 0(1)) > gi™ (Ai(en)) (1 + (1)),

where the last inequality follows from (55). However, this contradicts with (87), and the proof is completed.
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