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ABSTRACT. This paper studies the valuation of game-type credit default swaps (CDSs) that allow the protec-
tion buyer and seller to raise or reduce the respective position once prior to default. This leads to the study of a
stochastic game with optimal stopping subject to early termination resulting from a default. Under a structural
credit risk model based on spectrally negative Lévy processes, we analyze the existence of the Nash equilib-
rium and derive the associated saddle point. Using the principles of smooth and continuous fit, we determine
the buyer’s and seller’s equilibrium exercise strategies, which are of threshold type. Numerical examples are
provided to illustrate the impacts of default risk and contractual features on the fair premium and exercise
strategies.
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1. INTRODUCTION

Credit default swaps (CDSs) are among the most liquid and widely used credit derivatives for trading
and managing default risks. Under a vanilla CDS contract, the protection buyer pays a periodic premium
to the protection seller in exchange for a payment if the reference entity defaults before expiration. In a
recent work [27], we have studied the step-up and step-down CDSs which provide the buyer or the seller
the timing option to adjust the premium and notional amount once prior to default. These contracts give
the investor valuable flexibility to control the credit risk exposure, and generalize the common callable and
putable CDSs.

The current paper studies the valuation of game-type CDSs that allow both the protection buyer and seller
to change the swap position once prior to default. Specifically, in the step-up (resp. step-down) default swap
game, as soon as the buyer or the seller, whoever first, exercises prior to default, the notional amount and
premium will be increased (resp. decreased) to a pre-specified level upon exercise. From the exercise time
till default, the buyer will pay the new premium and the seller is subject to the new default liability. Hence,
for a given set of contract parameters, the buyer’s objective is to maximize the expected net cash flow while
the seller wants to minimize it, giving rise to a two-player optimal stopping game.

We model the default time as the first passage time of a general exponential Lévy process representing
some underlying asset value. This is an extension of the original structural credit risk approach introduced
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by Black and Cox [9] where the asset value follows a geometric Brownian motion. Examples of other
structural models based on Lévy and other jump processes include [10, 19, 36].

The default swap game is formulated as a variation of the standard optimal stopping games in the literature
(see, among others, [13, 17] and references therein). However, while typical optimal stopping games end
at the time of exercise by either player, the exercise time in the default swap game does not terminate the
contract, but merely alters the premium forward and the future protection amount to be paid at default
time. In fact, since default may arrive before either party exercises, the game may be terminated early
involuntarily.

The central challenge of the default swap games lies in determining the pair of stopping times that yield
the Nash equilibrium. Under a structural credit risk model based on spectrally negative Lévy processes, we
analyze and calculate the equilibrium exercise strategies for the protection buyer and seller. In addition, we
determine the fair premium of the default swap game so that the expected discounted cash flows for the two
parties coincide at contract inception.

Our solution approach starts with a decomposition of the default swap game into a combination of a
perpetual CDS and an optimal stopping game with early termination from default. Moreover, we utilize
a symmetry between the step-up and step-down games, which significantly simplifies our analysis as it is
sufficient to study either case. For spectrally negative Lévy processes with a completely monotone Lévy
density, we provide the conditions for the existence of the Nash equilibrium. Moreover, we derive the
buyer’s and seller’s optimal threshold-type exercise strategies using the principle of continuous and smooth
fit, followed by a rigorous verification theorem via martingale arguments.

For our analysis of the game equilibrium, the scale function and a number of fluctuation identities of
spectrally negative Lévy processes are particularly useful. Using our analytic results, we provide a bisection-
based algorithm for the efficient computation of the buyer’s and seller’s exercise thresholds as well as the fair
premium, illustrated in a series of numerical examples. Other recent applications of spectrally negative Lévy
processes include derivative pricing [1, 3], optimal dividend problem [4, 24, 29], and capital reinforcement
timing [16]. We refer the reader to [23] for a comprehensive account.

To our best knowledge, the step-up and step-down default swap games and the associated optimal stop-
ping games have not been studied elsewhere. There are a few related studies on stochastic games driven by
spectrally negative or positive Lévy processes; see e.g. [6] and [7]. For optimal stopping games driven by a
strong Markov process, we refer to the recent papers by [17] and [34], which study the existence and math-
ematical characterization of Nash and Stackelberg equilibria. Other game-type derivatives in the literature
include Israeli/game options [21, 22], defaultable game options [8], and convertible bonds [20, 35].

The rest of the paper is organized as follows. In Section 2, we formulate the default swap game valuation
problems under a general Lévy model. In Section 3, we focus on the spectrally negative Lévy model and
provide a complete solution and detailed analysis. Section 4 provides the numerical study of the default
swap games and a discussion on numerical approximation of scale functions for implementation. Section 5
concludes the paper and presents some ideas for future work. All proofs, unless otherwise noted, are given
in the Appendix.
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2. GAME FORMULATION

Let (2, F,IP) be a complete probability space, where P is the risk-neutral measure used for pricing. We
assume there exists a Lévy process X = {X;; ¢t > 0}, and denote by F = (F;);> the filtration generated
by X. The value of the reference entity (a company stock or other assets) is assumed to evolve according
to an exponential Lévy process S; = eXt, t > (0. Following the Black-Cox [9] structural approach, the
default event is triggered by S crossing a lower level D, so the default time is given by the first passage
time: Op = inf{¢ > 0 : X; < log D }. Without loss of generality, we can take log D = 0 by shifting the
initial value . Henceforth, we shall work with the default time:

0:=inf{t>0: X, <0},

where we assume inf () = co. We denote by P* the probability law and E® the expectation under which
Xo=2z €R.

We consider a game where the premium rate and default payment are changed from p to p and « to & at
the time the buyer or the seller exercises whichever comes first, provided that it is strictly before default.
When the buyer exercises, she is incurred the fee +, to be paid to the seller; when the seller exercises, she is
incurred -, to be paid to the buyer. If the buyer and the seller exercise simultaneously, then both parties pay
the fee upon exercise. We assume that p, p, a, &, v, s > 0 (see also Remark 2.1 below).

Let S:= {7 €F:7 <80 as. } be the set of all stopping times smaller than or equal to the default time.
Denote the buyer’s candidate exercise time by 7 € S and seller’s candidate exercise time by o € S, and let
r > 0 be the positive risk-free interest rate. Given any pair of exercise times (o, 7), the expected cash flow
to the buyer is given by

TAC 0
V(z;o,7) :=E" {—/ e "pdt + Lirno<oc} ( — / e "pdt
0 T

No

+6_T9<OA(]-{T/\U<9} + al{’r/\oz@}) + 1{7‘/\0’<0}€_T(T/\0) (_’Yb]-{rga} + ’751{720}) ):| ' (21)

To the seller, the contract value is —V (z; 0, 7). Naturally, the buyer wants to maximize V over T whereas
the seller wants to minimize V' over o, giving rise to a two-player optimal stopping game.
This formulation covers default swap games with the following provisions:

(1) Step-up Game: if p > p and & > «, then the buyer and the seller are allowed to increase the
notional amount once from « to & and the premium rate from p to p by paying the fee v, (if the
buyer exercises) or v, (if the seller exercises).

(2) Step-down Game: if p < p and & < «, then the buyer and the seller are allowed to decrease the
notional amount once from « to & and the premium rate from p to p by paying the fee ~, (if the
buyer exercises) or v, (if the seller exercises). When p = & = 0, we obtain a cancellation game
which allows the buyer and the seller to terminate the contract early.

Our primary objective is to find a Nash equilibrium and Stackelberg equilibrium. A Nash equilibrium
means the existence of a saddle point (o*, 7*) such that

V(z,o*,7) < V(x;o*,7") < V(x;0,7"), V71,0€S8S. 2.2)
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A Stackelberg equilibrium means that V*(z) = V,(x) Vx € R, where

V*(z) := inf supV(z;0,7) and Vi(z):=supinf V(z;0,7).
0ES re8 T€S 0E€S

See e.g. [17] and [34]. It follows from these definitions that V*(x) > V.(x). If a Nash equilibrium is
attained, then (2.2) implies the reverse inequality:

V*(x) <supV(z;o",7) < V(r;o*,7") < igEV(x; o,7°) < Vi(x).
TES g

Hence, a Nash equilibrium implies a Stackelberg equilibrium. Moreover, we also seek to determine the
equilibrium premium p*(z) so that V' (z; 0%, 7*) = 0, yielding no cash transaction at contract initiation.

2.1. Decomposition and Symmetry. We begin our analysis with two useful observations, namely, the
decomposition of V' and the symmetry between the step-up and step-down games. In standard optimal
stopping games, such as the well-known Dynkin game [13], random payoffs are realized at either player’s
exercise time. However, our default swap game is not terminated at the buyer’s or seller’s exercise time. In
fact, upon exercise only the contract terms will change, and there will be a terminal transaction at default
time. Since default may arrive before either party exercises the step-up/down option, the game may be
terminated early involuntarily. Therefore, we seek to transform the value function V' into another optimal
stopping game that is more amenable for analysis.
First, we define the value of a (perpetual) CDS with premium rate p and notional amount « by

0
C(z;p, ) :=E" {—/ e "pdt + oze_”’} = <1_? + a) ((x) — 87 z € R, (2.3)
0 T r
where
((z):=E"[e"], z€eR, (2.4)

is the Laplace transform of 6. Next, we extract this CDS value from the value function V. Let

a:=a—a& and p:=p-—p. (2.5)

Proposition 2.1 (decomposition). For every o,7 € S and x € R, the value function admits the decomposi-
tion

V(z;o,7) = C(z;p, ) +v(x;0,7),
where v(z;0,7) = v(x;0,T; D, &, Vb, Vs) IS defined by
v(w;0, 75 B, & Yy ) 1= B [e 7T (WX ) L raop + 9(Xo) Loy + F(X) L rmo}) Lipnocoot] s (2.6)

with

bio) = hlas ) i= ooy | (2= ) = (26 ) )] )
9(x) = g(a; D, @, 75) = Lizs0) Ké +vs) — (é &) Q(x)] , (2.8)

+
f(@) = f(z:D,&,%,7s) = Lasoy Ké — Y+ 75) - (1; + d) C(x)] . (2.9)

r
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Proof. First, by a rearrangement of integrals and (2.5), the expression inside the expectation in (2.1) can be
written as

0 0
1{7’/\0‘<OO} (/ 6_Ttﬁ dt — / e—rtp dt + 6—7”9 (_dl{ﬂ'/\0<9} + Oé) + 1{7‘/\J<9}6_T(7/\U) (_’Ybl{rga} + 781{7'20}))
T 0

No

+ 1{7/\0—:00} (_/ eirtp dt)
0

0
= ]-{T/\O'<oo} (/ e_rtﬁ dt — 6_71‘9651{7'/\0'<9} + 1{7/\0’<9}€_r(7—/\a) (_’Ybl{fga} + 751{T>0'})>

No

0
—/ e "pdt + e a
0

0 0
= ]-{T/\U<oo, TAC<0} (/ e_rtﬁ dt — 6—7’9& + e_T(T/\U) (_’ybl{‘rﬁa} + 781{T>U})) - / 6_rtp dt + e—rﬂa.
T 0

No
Taking expectation, (2.1) simplifies to

0

V(xu g, T) =[E* |:1{7'/\cr<<>o7 TAG<O} </
TN
0
— E* [/ e "p dt} + aE” [e_’"e] .
0

Here, the last two terms do not depend on 7 nor ¢ and they constitute C'(x; p, o). Next, using the fact that

67”]’5 dt — eiw& + eiT(T/\U) (_fol{TSO'} + 781{7'20})>:| 10

{ThNo <0, 7TNo <0} ={X;rs >0, T Ao < 0} forevery 7,0 € S and the strong Markov property
of X at time 7 A o, we express the first term as

6
Em |:1{7'/\a<oo, T/\U<9} (Ex [/ e_rtﬁ dt - 6—7"9& JT:T/\U:| + e_T(TAU) (_fybl{TSU} + ’751{720})):|
TN

= [E” [1{7'/\o'<oo7 T/\o_<9}e—r(7'/\a) (h(XT/\O')l{T<J} + g(XT/\U)l{T>U} + f(XTAU)l{TZU})]
=FE" [G_T(T/\U) (h(XT/\U)l{T<U} + g(XTAU)l{T>U} + f(XT/\O')l{TIU}) 1{7’/\U<c>o}} = ’U(.T; g, T)7

where the second to last equality holds because (i) 7 < o or 7 > ¢ implies 7 Ao < 6, and (ii) by f(Xy) =0
we have f(X;no)lr=o,rno<oy = f(Xrno)l{r=o} ass. O

Comparing (2.3) and (2.7), we see that h(x) = 1,50} (C(z; —p, —&) — 73), which means that the buyer
receives the CDS value C(x; —p, —&) at the cost of ~, if he/she exercises before the seller. For the seller,
the payoff of exercising before the buyer is —g(x) = 11,501 (C(; P, &) — 7v5). Hence, in both cases the fees
v and 7y can be viewed as strike prices.

Since C'(z; p, ) does not depend on (o, 7), Proposition 2.1 implies that finding the saddle point (o*, 7*)
for the Nash equilibrium in (2.2) is equivalent to showing that

v(x; o, 1) <wv(zr;o*, ) <wv(x;o,77), Vo,TE€S. (2.11)

If the Nash equilibrium exists, then the value of the game is V (z;0*,7*) = C(z) + v(z;0*,7*), z € R.
According to (2.5), the problem is a step-up (resp. step-down) game when & < 0 and p < 0 (resp. @ > 0
and p > 0).
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Remark 2.1. If v, = 75 = 0, then it follows from (2.7)-(2.9) that h(x) = g(z) = f(z) and

U(l’; o,T;p, a0, O) = [E” [e_r(T/\U)l{XT/\g>O, T/\O'<OO}C<XT/\O'; —p, _d)} .

In this case, the choice of T* = o = 0 yields the equilibrium (2.11) with equalities, so the default swap
game is always trivially exercised at inception by either party. For similar reasons, we also rule out the
trivial case withp = 0 or & = 0 (even with s+, > 0). Henceforth, we proceed our analysis with p, & # 0
and vy, + vs > 0.

Next, we point out a symmetry result between the step-up and step-down games.
Proposition 2.2 (symmetry). Forany o, 7 € S, we have v(x; 0, T; P, &, Y, Vs) = —v(2; T, 05 —P, —&, Vs, Vo)-
Proof. First, we deduce from (2.7)-(2.9) that

h(x7ﬁ7&77b) = —g(.T7 _ﬁa _657757)7
g(l‘)ﬁa&?’YS) = —h(.ZU, _]37 _daf}/s)?
f@;ﬁa&a%»%) = —f(l', _]57 _da’)/s;/yb)-

Substituting these equations to (2.6) of Proposition 2.1, it follows, for every 7,0 € S, that

’U(J?; g, T;ﬁa da Vo, 73) = —E* [e—r(‘r/\a) (h‘(XT/\O'; _257 _547 75)1{U<T} + g(X‘r/\o; _ﬁa _da ’Yb)l{T<o}
—"_f(XT/\O'; _ﬁv _657 Vs 7b)1{7:0}) 1{7/\o<oo}:|
= —U(.T7 T, 0, _ﬁ7 _&7 Vs 7b>

O

Applying Proposition 2.2 to the Nash equilibrium condition (2.11), we deduce that if (¢*, 7*) is the saddle
point for the step-down default swap game with (p, &, 7y, 7s), then the reversed pair (7%, 0*) is the saddle
point for the step-up default swap game with (—p, —&, s, 7). Consequently, it is sufficient to study either
the step-down or the step-up default swap game. This significantly simplifies our analysis.

2.2. Solution Methods via Continuous and Smooth Fit. We now present our solution procedure for the
optimal stopping game (see (2.11)) via continuous and smooth fit under a general Lévy model. In the next
section, we shall focus on the spectrally negative Lévy model and derive an analytical solution. Using the
symmetry result from Proposition 2.2, it is sufficient to solve only for the step-down game. Also, we notice
from (2.1) that if @ < ~4, then the seller’s benefit of a reduced exposure does not exceed the fee, and
therefore, should never exercise. As a result, the valuation problem is reduced to a step-down CDS studied
in [27], and so we exclude it from our analysis here. With this observation and Remark 2.1, we will proceed
with the following assumption without loss of generality:

Assumption 2.1. We assume that & > v, > 0, p > 0 and v, + s > 0.

In the step-down game, the protection buyer has an incentive to step-down when default is less likely,
or equivalently when X is sufficiently high. On the other hand, the protection seller tends to exercise the
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step-down option when default is likely to occur, or equivalently when X is sufficiently small. Therefore,
we conjecture the following threshold strategies, respectively, for the buyer and the seller:

tp:=inf{t >0: X, ¢ (0,B)}, and ou:=inf{t>0:X;¢ (A,00)},

for B > A > 0. Clearly, 04,73 € S. In subsequent sections, we will identify the candidate optimal
thresholds A* and B*, and verify their optimality rigorously. Meanwhile, for B > A > 0, we denote

vap(x) =v(r;04,7B)
= [E* [@_T(TB/\O'A) (h(XTB)]-{TB<o'A} + g(XUA)l{TB>UA} + f(XTB)l{TB:UA}) 1{TBAUA<OO}} ,
for every x € R. Regarding the last term in the expectation, we note that 75 = 04 implies that 7 = 04 = 0,

and f(Xy) = 0 a.s., and hence obtain the simplified expression

UA,B(Z') =[E* [6_T(TB/\UA) (h(XTB>1{TB<O'A} + g(XO'A)l{TB>JA}> 1{73/\JA<00}] . (212)

For our analysis, it is often more useful to consider the difference functions:
Ap(x; A, B) :=vap(x) —h(xz) and Ay(z;A,B) =vap(r)—g(z), 0<A<zr<B. (2.13)

We will identify the candidate exercise thresholds A* and B* simultaneously by applying the principle of
continuous and smooth fit. Precisely, we determine A* and B* from the equations:

(continuous fit) A, (B—;A,B)=0 and A (A+;A,B) =0, (2.14)

(smooth fit) A} (B—;A,B)=0 and A}(A+;A,B) =0, (2.15)

where Ap(B—; A, B) := lim,1p Ap(x; A, B), A} (B—; A, B) = limgp A} (23 A, B), Ay(A+; A, B) =
limg 4 Ag(7; A, B) and A} (A+; A, B) 1= lim, 4 A} (7; A, B) if these limits exist.

Next, we will verify that 0 4« and 75+ form a saddle point for the Nash equilibrium (2.11). To this end,
we shall prove that

(D h(z) <wva pe(x) < g(x) forevery A* < x < B*;
I e"’(t’\"A*)vA*7B* (Xtno . ) 18 @ supermartingale;
(1) e "8y 4 pe(Xinr,. ) is a submartingale.

After establishing (I)-(III) above, we will apply them to establish (2.11) by showing for the candidate opti-
mal thresholds (A*, B*) that

v(x; 04+, 7) < vge pe(x) < v(x;0,78), Vo, € S. (2.16)

This will complete the verification that (o 4+, 75+ ) is the saddle point for the Nash equilibrium (see Theorem
3.2 below).

Remark 2.2. In the last step, it is sufficient to show (2.16) holds for all T € S+ and 0 € S+, where
Sar ={7€S8:X,¢(0,A"as.} and Sp-:={c€S:X, ¢[B",)as.}. (2.17)

Indeed, for any candidate T € S, we have the domination: v(x;04+,7) < v(x;04+,7) for 7 := Tlix, ¢(0,a}+
01(x,c(0,4*]} € Sa=, so the buyer’s optimal exercise time T* must belong to S-. This is intuitive since the
seller will end the game as soon as X enters (0, A*| and hence the buyer should not needlessly stop in this
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interval and pay ~y,. Similar arguments apply to the use of Sg-. Then, using the same arguments as for

(2.12), we can again safely eliminate the f(-) term in (2.6) and write
v(z3040,7) = B [e 7N (WX po ) rconnt + 9(Xrnos ) Lirsonet) Lirnosecoo}] s T € Sar,
v(zy0,7:) =B [e ") (W(X 1y po)) Lirge <o) + 9(Xrpuno) Lirgeso}) Lirpenococ}] s 0 € Spe.
3. SOLUTION METHODS FOR THE SPECTRALLY NEGATIVE LEVY MODEL

3.1. The Spectrally Negative Lévy Process and the Scale Function. Let X be a spectrally negative Lévy
process with the Laplace exponent

1
¢(s) :=logE” [e**1] = cs + §V2S2 —|—/ (e — 1+ saljpepcry) II(dz), s€C, (3.1
(0,00)

where ¢ € R, v > 0 is called the Gaussian coefficient, and II is a Lévy measure on (0, co) such that
i) (O,oo)(l A z$)II(dz) < oo. See [23], p.212. The risk-neutrality condition requires that ¢(1) = 7 so that the
discounted value is a (P, F)-martingale. If the Lévy measure satisfies

/ (1A x)I(dx) < oo, (3.2)
(0,00)
then the Laplace exponent simplifies to
1
o(s) = us + §V282 —l—/ (e7** — 1) II(dx), seC, (3.3)
(0,00)

where p == ¢+ | 01 % [I(dz). Recall that a Lévy process has paths of bounded variation if and only if
v = 0 and (3.2) holds. A special example is a compound Poisson process where I1(0, c0) < oo. We ignore
the case when X is a negative subordinator (decreasing a.s.). This means that we require u to be strictly
positive if v = 0 and (3.2) holds.

For any spectrally negative Lévy process, there exists a function W) : R ~ R, for » > 0, which is zero
on (—oo, 0) and continuous and strictly increasing on [0, co). It is characterized by the Laplace transform:

- —szyr7(r) _ 1
/0 e W (I)dx_—gb(s)—r’ s > ®(r),

where @ is the right inverse of ¢, defined by
O(r) :=sup{A>0:90(N\) =7}, r>0.
The function W) is often called the (r-)scale function in the literature (see e.g. [23]).

Remark 3.1. There also exists a version of the scale function We(y = {Wa ) (2); v € R} that satisfies

W (z) = e Wy (2), z€R, (3.4)
and
/OO e T Wo(z)de = ! s>0
0 PO T G+ () -1 |

The function Wy () is increasing and

Waoy(z) T as x T 0. (3.5)

b
¢'(®(r))
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Using this fact, one can deduce that

W(T)/(I) ) CI)(T)G(P(T)IWd)(r)(x) + eé(r)xWé)(T)(x) B CI)(T)ch(r) (ZE) + Wé(r)(l’) atoo CD( ) (3.6)
WO (z) e Wo ) (7) R Wa (o) o |

From Lemmas 4.3 and 4.4 of [26], we also summarize the behavior of W (") in the neighborhood of zero.

Lemma 3.1. For every r > 0, we have

0, unbounded variati Zs v=>0
unbounded variation ,
W (0) = { N bounded variaii } and W'(04) =< oo, v =0andI1(0, 00) = oo
=+ bounded variation r+T1(0,00) .
== compound Poisson

7 )

To facilitate calculations, we define the function
Z0(x) =1+ r/ WO (y)dy, zeR
0

which satisfies that
Z0N(2) stee T
WO() e
see [23] Exercise 8.5. By Theorem 8.5 of [23], the Laplace transform of ¢ in (2.4) can be expressed as

((x) = 20 (x) — ﬁwm (z), = eR\{0}.

For the rest of this paper, we assume the following.

(3.7

Assumption 3.1. We assume that the Lévy density is completely monotone.

This is a sufficient condition for the optimality of the threshold strategy (see the proofs of Lemmas 3.6,
3.11-(1) and 3.13-(3) below). In particular, this implies

ox ch(r)(l') -

see Remark 3.3 of [27] for its proof. Very similar condition is also used in the related work [28, 29, 30]

x > 0; (3.8)

for the optimal dividend problem under spectrally negative Lévy models. The class of Lévy measures with
completely monotone densities is rich. It includes, for example, the variance gamma processes [32, 31],
CGMY processes [12], generalized hyperbolic processes [14] and normal inverse Gaussian processes [5].
It also allows for modeling compound-Poisson-type jumps with long-tailed distributions such as the Pareto,
Weibull and gamma distributions; see [18]. As shown by [15], its scale function can be approximated
arbitrarily closely by those with the hyperexponential Lévy densities; see also Section 4 below.

Let us apply the scale functions to compute the difference functions defined in (2.13). We begin with a
lemma.

Lemma 3.2. For 0 < A < x < B < o0, the difference functions in (2.13) are given by

" (3.9)
A, (i A, B) = T(a; A, B) - (p i %) |

r
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where

Y(z; A, B) = (é - %) A(z; A, B) + (p + 75) Ao(z; A, B) + (& — v5)As(z; A, B) (3.10)

r

with
Ai(; A, B) =" [e 77NN o anrpeso}] s (3.11)
A2<x7 A7 B) = E* [eir(OA/\TB)l{TB>cfA or UA/\TBZG}l{aA/\TB<oo}] ’ (3.12)
As(z; A4, B) = E" [e OB L o0 o anrp<oc}] - (3.13)

We observe that Ay (z; A, B) and Ay(x; A, B) are very similar and they possess the common term
Y(z; A, B). This lemma suggests that their determination amounts to computing the expectations A;,
t=1,2,31in (3.11)-(3.13).

In the following lemma, we express them in terms of the scale function. Here 75 < o4 if and only if
it up-crosses B before down-crossing A while 75 > 04 or 04 A 7 = 6 if and only if it down-crosses A
before up-crossing B. Consequently, A; and A, can be simply obtained by the scale function (see Theorem
8.1 of [23]). For A3, we require the overshoot distribution that is again obtained via the scale function.

Lemma 3.3. For0 < A < x < B < o0, the functions \;, i = 1,2, 3 in (3.11)-(3.13) are given by

Wl (z— A
Ai(z; A, B) = m,
W (x — A)

A3(x;Aa B) =

where

k(z; A) = /00 IT(du) /OUMA AW (z — 2z — A)

A

_ %/Oo M(du) [Z0(x — A) - Z0(x — )], 2> A>0. (3.14)
A

Applying Lemma 3.3, we simplify (3.10) to

Y(z;A,B) =W (z — A) V(A B) ) - (§ + %) 70z — A) — (& — ) k(x; A), (3.15)

WO (B— A

where

U(A, B) := (g —%) - (g +%) Z"(B—A)+(a—7)k(B;A), 0<A<B<oo. (3.16)

The function W(A, B) will play a crucial role in the continuous and smooth fit as we discuss in the next

subsection.
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Remark 3.2. (1) By taking B 1 oo, Lemma 3.2 can be extended to the case when the buyer never exercises

and her strategy is 0. By the dominated convergence theorem and that T Bl g a.s., we may write
Ai(z; A, 00) = ng A (z;A,B) =0,
Ao(z; A, 00) = 113iTI<I>10 As(z; A, B) = E° [e‘mf‘] ,
As(z; A, 00) 1= llgi%?o As(z; A, B) = E* [e*”’f‘l{m:g’m@o}} :

Hence, we can define

Y (x; A, 00) 1= g& Y(x; A, B) = <§ + ’ys> E* [e74] + (& — 75)E" [e "4 1ip4m0,04<00}] - (3.17)

Likewise Ay (z; A, 00) and Ay(x; A, 00) can be defined in an obvious way.
(2) If we substitute A = 0 into (3.10), we obtain

p x [,—rT ﬁ ~ z [,—rT
Y (z;0,B) := (; — %) E [e Bl{TB<9,TB<OO}} + (; + oz) K [e 31{7329773@0}} , 0< B <o

As shown in Lemma 3.4 below, Y (z; A, B) converges to Y(x;0,B) as A | 0 if and only if there is not a
Gaussian component. Upon the existence of Gaussian component, there is a positive probability of contin-
uously down-crossing (creeping) 0, and the seller tends to exercise immediately before it reaches O rather

than not exercising at all.
Lemma 3.4. The right-hand limit Y (x;0+, B) := limao Y (z; A, B) is given by

T (x;04, B) = T(z;0, B) — (& — 7)) B [e "™ 1x, —0,rp<oc}] » 0 <z < B < 00. (3.18)
Therefore, T (z; A, B) A0, Y(z;0, B) if and only if the Gaussian coefficient v = 0.

We also define Ay (z;0+, B) = limy0 Ap(z; A, B) and Ay(x; 0+, B) = limajo Ay(x; A, B) for all
0<z< B <oo;see (3.9).

3.2. Continuous and Smooth Fit. We shall find the candidate thresholds A* and B* by continuous and
smooth fit. As we will show and summarize in Table 1 below, the continuous and smooth fit conditions
(2.14)-(2.15) will yield the equivalent conditions W(A*, B*) = ¢(A*, B*) = 0 where

0
= —WO(B = A) (p+ ) + (@ — 7) / (du) (W(B = A) = W(B-u), (3.19)
A
forall 0 < A < B < oo where (3.19) holds because for every x > A > 0
20 (@ — A) = r WOz — A) and K (z; A) = / M(du) (WO(x — A) — WO(z — ). (3.20)
A

Before deriving this result, we need to study the asymptotic behaviors of ¥ and ¢» as B T coor A | 0
because there are cases where (1) the buyer never exercises (B* = 00), (2) the seller never exercises
(A* = 0), and (3) the seller delays the exercise until X is arbitrarily close to zero (A* = 0-+); see Remark
3.2 and Lemma 3.4. The difference between cases (2) and (3) is explained by Lemma 3.4; upon the existence
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of Gaussian component, Y (z;0, B) > T (x; 0+, B) and the seller exercises at a sufficiently small level ¢ > 0
(rather than not exercising at all); otherwise, Y (z;0, B) = Y (x; 0+, B) and the seller may choose 6.

Intuitively speaking, if X jumps downward frequently, then the seller tends to exercise at a level strictly
above zero. Let us decompose

X = X° 4 X1 (3.21)

where X¢ is the continuous martingale (Brownian motion) part and X¢ is the jump and drift part of X.
Then, the integral

p(0) := /000 II(dw) (1 — e_q)(’”)“)

is finite if and only if X has paths of bounded variation. As we shall see in Corollary 3.1 below, our
candidate threshold level for the seller A* is always strictly positive if p(0) = oo whether or not there is a
Gaussian component. For this reason, we consider the limit as A | 0 only when p(0) < oo.

As is clear from (3.16) and (3.19), ¥ and 1 tend to explode as B 1 oo. For this reason, we also define the
normalized versions:

(A, B) (4, B)
W@ (B — A) W (B —A)’
In order to extend these functions to A = 0 and B = oo, we first obtain some asymptotic properties about
k as defined in (3.14). Define

U(A,B) := and (A, B) = 0<A<B< oo (3.22)

p(A) = / IT(dw) (1 — e_q)(r)(“_A)) = / II(du+ A) (1 - e_(b(r)") , A>0.
A 0

Then p(A) is decreasing in A and converges to p(0) as A | 0 by the monotone convergence theorem.

Lemma 3.5 (Asymptotics of k). (1) For every fixed x > 0, k(x; A) is monotonically decreasing in A

on (0, ).
(2) If p(0) < oo, then the limit k(x;0) := lim 4o k(x; A) exists and is finite. It can be expressed as
00 uNT 1 o]
k(z;0) = / I1(du) / A=W (z — 2) = . / I(du) [Z20(2) = ZT(z —u)], 2>0. (3.23)
0 0 0

(3) For every A > 0 (extended to A > 0 if p(0) < c0),

k(T3 A)  ates, p(A)
W) (z— A) O(r)

Now, using this lemma, along with (3.16) and (3.19), we extend our definitions of W(A, B) and " (A, B)
to include the case with A = 0 (when p(0) < oo) and B = oo, namely, forevery 0 < A < B < 0o

G(AB) = | T [(F =) = (2 +7%) Z0(B = A+ (@) w(B; )], B<oo,
T s (C )+ (@ —1)p(4)), B=oo,
(A, B) = { — (5 ) + (@ =) [ T(dw) (1 - J58=3 ) B < oo, 525,

’ — (B + ) + (@ — 75)p(A), B = oo,

Clearly, (3.22) holds true when 0 < A < B < oo. We also define ¥ (0, B) and ¢(0, B) forall 0 < B < o0
in an obvious way (see Lemma 3.8-(3) below). The finiteness of ¥ (0, B), ¥(0,00) and (0, 00) when
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~

p(0) < oo is clear by Lemma 3.5-(2). In fact, ¢(0, B) for 0 < B < oo is also finite by the following
lemma.

Lemma 3.6. If p(0) < oo, then we have [~ TI(du) <1 - WV;?T(—)]?J;;‘)) < oo forany 0 < B < o.

The convergence results as A | 0 and B 1 oo are discussed below.

Lemma 3.7 (Asymptotics of ¥ and D). (1) We have limpyo, \TJ(A, B) = \TJ(A, o0) for every A > 0
(extended to A > 0 if p(0) < oo).
(2) When p(0) < oo, for every 0 < B < 0o and 0 < B < oo, respectively,

(0. B) = lim W(A.B) and ¥(0,B) =lim ¥(A, B).
(3) Forevery A > 0 (extended to A > 0 if p(0) < o0), U(A, A+) < 0.

Lemma 3.8 (Properties of t)). (1) For fixed 0 < B < o0, &(A, B) is decreasing in A on (0, B), and in
particular when p(0) < oo,

5(0,) = im 34, B).
(2) For fixed A > 0 (extended to A > 0 if p(0) < 00), ¥(A, B) is decreasing in B on (A, cc) and
(A, B) L (A, 00), as B 1 oo. (3.26)
(3) The relationship 1(0, B) = 0¥(0, B)/0B also holds for any 0 < B < oo given p(0) < oo where
as defined in (3.22)-(3.25)
(0, B) = (73 - %) - (ﬁ n %) Z0(B) + (& — 1) 5(B;0),

¥(0,B) = W (B) <—(15 + YsT) + (& — 7s) /OOO IT(du) (1 — %)) .

Using the above, (3.17) becomes, in view of (3.15) and Lemma 3.7-(1),

T(x; A, 00) = WO (z — A)U(A, 00) + <]—? + 75) Z0(x — A) — (@ — ) k(z;A), 0< A<z
r

Similarly, when p(0) < oo, (3.18) becomes, in view of (3.15) and Lemmas 3.5-(2) and 3.7-(2),

Y (z; 0+, B) = W (2)¥(0, B) + (I—j + %) Z"(z) = (& — ) k(x;0), 0<z< B < oo.
T
Figure 1 gives numerical plots of W(A,-), \TJ(A, ), ¥(A,-) and @/D\(A, -) for various values of A > 0.

Lemma 3.8-(1,2) and the fact that @E(A, B) > 0 <= ¢(A, B) > 0 imply that

(a) U(A, ) is monotonically increasing for small A,
(b) W(A,-) is monotonically decreasing for large A,
(c) otherwise W(A, -) is increasing and decreasing.

It can be also confirmed that W(A, -) and @(A, -) converge as B 1 oo as in Lemmas 3.7-(1) and 3.8-(2). We

~

shall see that continuous/smooth fit requires (except for the case A* = 0) that U(A*, B*) = ¢(A*, B*) = 0,
or equivalently W(A*, B*) = ¢(A*, B*) = 0 when B* < oo (attained by the red line in Figure 1).
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FIGURE 1. Illustration of ¥(A, B), \TJ(A, B), ¥(A, B), and @(A, B) as functions of B.

We are now ready to pursue continuous and smooth fit (2.14)-(2.15). We begin with obtaining the former.
Continuous fit at B: Continuous fit at B is satisfied automatically for all cases since A,(B—; A, B) exists

and

An(B—; A, B) = T(B—; A, B) — (Q - %) —0, 0<A<B<oo, (3.27)
r

which also holds when A = 0+ and A,(B—;0+, B) = 0 given p(0) < oo. This is also clear from the

fact that any spectrally negative Lévy process creeps upward and hence B is regular for (B, oco) for any

arbitrarily level B > 0 (see page 212 of [23]).

Continuous fit at A: Similarly, we obtain

A (A+;A,B) = W (0)U(A,B), 0<A<B<oo. (3.28)
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In this case, continuous fit at A holds automatically for the unbounded variation case in view of Lemma 3.1

while it requires

~

V(A,B)=0 (3.29)
for the bounded variation case.
We now pursue the smooth fit condition. Substituting (3.20) into the derivative of (3.15), we obtain
Al(z; A, B) = Aj(2;A,B) = Y (23 A, B) = W' (z — A)U(A, B) — ¢(A, ), (3.30)

forevery0 < A <z < B < 0.
Smooth fit at B: Applying the smooth fit condition A} (B—; A, B) = 0 to (3.30), smooth fit at B < o0

requires

I'(A,B) =0

where

_A(B—;AB) - (A, B)
I'(A,B) = V[?(T)’(B ) - U(A,B) — WOT (B~ A)

Here we divide A}, (B—; A, B) by W) (B — A) (as in the case U and ) so that it would not explode as
B 1 oo. For the case A = 0+ and p(0) < oo, the smooth fit condition A} (B—;0+, B) = 0 requires
['(0, B) = 0. Figure 2 shows a sample plot of the function I'(A, ). As the following lemma shows, it starts

0<A<B<oo. (3.31)

at —oo (when X is of unbounded variation) and converges to zero as B 1 oo.

Lemma 3.9 (Asymptotics of I'). The following holds for every A > 0 (with p(0) < oo when A = 0).
(1) There exists I'(A, 00) 1= limpyoo I'(A, B) = 0.
(2) We have I'(A, A+) := lim, 4 I'(A, z) = —o0 when X is of unbounded variation.

A=1.5908
A=1.61 |
A=1.6292
A=2.35 [
A=4.7

0.008[

0.006[

0.004[

0.002[

T'(a,B)
°

-0.002[

-0.0041

-0.006[

-0.008[

FIGURE 2. Tlustration of I" as a function of B.

Smooth fit at A: Assume that it has paths of unbounded variation (W (0) = 0), then we obtain

Al (A+; A, B) = W' (0+)T(A,B), 0< A< B < co.
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cont. fit at A | smooth fit at A | cont. fit at B | smooth fit at B
bdd. var. | V(A,B) =0 N/A I I'(A,B)=0
unbdd. var. t U(A,B) =0 i I'(A,B) =0

TABLE 1. Sufficient conditions for continuous and smooth fit. Here § indicates that the condition
automatically holds for all (A, B). For the bounded variation case, smooth fit at A is not used and
only continuous fit is considered.

Therefore, (3.29) is also a sufficient condition for smooth fit at A for the unbounded variation case.

We summarize the continuous and smooth fit conditions in Table 1. We conclude that
(1) if \II(A, B) = 0, then continuous fit at A holds for the bounded variation case and both continuous
and smooth fit at A holds for the unbounded variation case;
(2) if I'(A, B) = 0, then both continuous and smooth fit conditions at B hold for all cases.

If U(A, B) = 0 and T'(A, B) = 0 are simultaneously satisfied, then (A, B) = 0 is automatically satisfied.

3.3. Existence and Identification of (A*, B*). In the previous subsection, we have derived the defining
equations for the candidate pair (A*, B*). Nevertheless, the computation of (A*, B*) is non-trivial and
depends on the behaviors of functions W (A, B) and 1(A, B). In this subsection, we prove the existence of
(A*, B*) and provide a procedure to calculate their values.
Recall from Lemma 3.8-(1) that 1) (A, 0o) is decreasing in A and observe that ¢)(A, A+) := lim, 4 (A, z) =
—(p+17s) + (& — 5)TI(A, 00) is also decreasing in A. Hence, let A and A be the unique values such that
D(A,00) = = (54 17) + (@ = 7)p(4) = 0, (3.32)
V(A A+) = — (5 + 1) + (@ — 7)II(A, 00) = 0, (3.33)
upon existence; we set the former zero if J(A, o0) < 0 for all A > 0 and also set the latter zero if
(A, A+) < 0 for any A > 0. Because p(A) | 0 and I1(A,00) | 0 as A 1 oo, A and A are finite. Because
p(A) < TI(A, 00), we must have A > A.
Define forevery A < A < A,

b(A) := inf {B > A:U(A, B) > o} ,
B(A) := inf {B > A (A, B) < o}, (3.34)
b(A) :=inf{B > A:T(A,B) >0},
where we assume inf () = co. Since W) (B — A) > 0 for all B > A, we can also write
b(A)=inf{B>A:V(A,B) >0} and b(A)=inf{B > A:¢(A,B) <0}.

The following theorem shows that there always exists a pair (A*, B*) such that one of the following four
holds:
case 1: 0 < A* < B* < oo with B* = h(A*)
case 2: 0 < A* < B* = oo with B* = h(A*) =
case 3: 0 = A* < B* < oo with B* = b(0) < b(0);
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case4: 0 = A* < B* = oo with b(0) = oo and b(0) = co.

Theorem 3.1. (1) If A > 0 and b(A) < oo, then there exists A* € (A, A) such that B* = b(A*) =
b(A*) < oo. This corresponds to case 1.
(2) If A > 0 and b(A) = oo, then A* = A and B* = oo satisfy the condition for case 2.
(3) IfA =0, A >0, and b(0) < b(0), then there exists A* € (0, A) such that B* = b(A*) = b(A*).
This corresponds to case 1.
(4) Suppose (i) A = 0 or (ii) A = 0 and b(0) > b(0). Ifb(0) < oo, then A* = 0 and B* = b(0) satisfy
the condition for case 3. If b(0) = oo, then A* = 0 and B* = oo satisfy the condition for case 4.

In particular, from (3.32) we infer that p(0) = oo implies A > 0. This together with Theorem 3.1 obtains
the following corollary.

Corollary 3.1. If X< as in (3.21) has paths of unbounded variation, then p(0) = oo and A* > 0.

Remark 3.3. Note that b(A) = b(A) implies b(A) = b(A) = b(A) in view of (3.31) (even when they are
+00; see Lemma 3.9-(1)). By construction (see (3.34)), A* and B* obtained above satisfy the following.

(1) For every A* < B < B*,

o~

U(A*,B) <0 and T(A*,B)<0. (3.35)

(2) If A* >0, \/I\I(A*, B*) = 0 (i.e., continuous or smooth fit at A* is satisfied).
(3) T'(A*, B*) = 0 (i.e., continuous and smooth fit at B* is satisfied).

In Theorem 3.1, in case of (1) and (3), we further need to identify A* and B*. Here we use the following
properties.

Lemma 3.10. (1) b(A) increases in A on (A, A),
(2) b(A) decreases in A on (A, A).

This lemma implies that (i) if b(A) > b(A), then A* must lie on (A, A) and (ii) if b(A) < b(A), then A*
must lie on (A, A). By Lemma 3.10 and Theorem 3.1, the following algorithm, motivated by the bisection
method, is guaranteed to output the pair (A*, B*). Here let € > 0 be the error parameter.

Step 1: Compute A and A.
Step 1-1: If (i) A = 0 or (ii) A = 0 and b(0) > b(0), then stop and conclude that this is case 3 or
4 with A* = 0 and B* = b(0).
Step 1-2: If A > 0 and b(A) = oo, then stop and conclude that this is case 2 with A* = A and
B* = o0.
Step 2: Set A = (A+ A)/2.
Step 3: Compute b(A) and b(A).
Step 3-1: If [b(A) — b(A)| < &, then stop and conclude that this is case 1 with A* = A and
B* = b(A) (or B* = b(A)).
Step 3-2: If [b(A) — b(A)| > ¢ and b(A) > b(A), then set A = A and go back to Step 2.
Step 3-3: If |b(A) — b(A)| > e and b(A) < b(A), then set A = A and go back to Step 2.
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3.4. Verification of Equilibrium. Our candidate value function for the Nash equilibrium is given by (2.12)
with A* and B* obtained by the procedure above. Suppose A* > 0. Then (0 4+, 7p+) is the candidate saddle
point and the corresponding expected value is given by

h(z), r > B* _
varp () = { h(z)+ Ap(z; A* BY), A* <z <B* »=— (];’ + a) ¢(z) + J(z) (3.36)
g(x), x <A
where
E— x> B,
T (z; A*, B*), A* <x < B*,
J(x) =1 ; ( i

r + Vss 0<z S A )
Eta x <0.

Here when B* = oo, the buyer’s strategy is 6.

Suppose A* = 0. By Corollary 3.1, this excludes the case when X (the jump and drift part of X) is of
unbounded variation. If v = 0, then we will show that the candidate pair (6, 75+ ) forms a saddle point for
the Nash equilibrium (2.11), and the expected value vy g~ is given by (3.36) with A* replaced with 0. In
contrast, if ¥ > 0, then Nash equilibrium (2.11) does not exist, but an alternative form of “equilibrium” is
attained. Recall Remark 3.2 and Lemma 3.4. Specifically, we have

v(x;004,7) < voype(x) <wv(x;o,Tp), o,TES, (3.37)
where
v(@;00+,7) = E" [e77 (h(Xr) = (6@ = %) Lix,—0)) Lireo}] , TES
vosp- (@) 1= B [ (B(X,0) = (& = 7)1 (x0y =0 ) Lrge<oc)] -

Here, the value functions v(x; 0o+, 7) and vo4 = () correspond to the scenario where the seller exercises
immediately before 6 when X continuously down-crosses the level zero. However, since this exercise timing
cannot be represented by any stopping time, even though it can be approximated arbitrarily closely by o,
for ¢ > 0 sufficiently small, (3.37) is not a Nash equilibrium.

Theorem 3.2. (1) In cases 1 and 2 (A* > 0), Nash equilibrium exists with saddle point (o 4+, Tp+) and
its expected value v 4« - given by (3.36). In other words,

v(x;04+,7) < wvgs pe(x) <v(x;0,78+), Vo,7€S. (3.38)

(2) In cases 3 and 4 (A* = 0),
(a) if v = 0, Nash equilibrium exists with saddle point (0, Tp+) and its expected value v~ g+ given
by (3.36), and (3.38) holds;
(b) ifv > 0, then the alternative equilibrium (3.37) holds, and the value function satisfies vo; g () =

lim. o v(z; 0c, TH* ).

With this theorem, the value of the step-down game is recovered by V (x) = C'(z) + v(x) by Proposition
2.1 and that of the step-up game is recovered by V(x) = C(x) — v(z) by Proposition 2.2.
The proof of the theorem involves the crucial steps:
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(i) domination property

(a) E® [G_T(T/\JA*)UA*,B* (XT/\O'A*)l{T/\O'A* <oo}] (l’, O Ax, T) forall T € Sa

>0
(b) E” [e7" "B 4 g (Xoprpe ) L{onrge<oo}] < v(x50,75+) forallo € S;

(i1) sub/super-harmonic property
(@) (£ —r)va-p(x) > 0forevery 0 < z < A*;
(b) (L —1r)vas p+(x) = 0 for every A* < x < B*;
(c) (£ —r)va-p«(z) <0 forevery z > B*.

Here L is the infinitesimal generator associated with the process X

£1@) = o (@) + 302" @) + [ " [fo = 2) = F@) + £ @)L pesen] T1(d2)

applied to sufficiently smooth function f that is C* when v > 0 and C" otherwise.

We prove them in the following lemmas.
Lemma 3.11. For every x € (A*, B*), the following inequalities hold:
Ay (z; A%, B*) <0,
Ay (z; A", B*) > 0,

(3.39)
(3.40)

where it is understood for the case A* = 0 and v > 0 that the above results hold with A* = 0+.

Applying this lemma and the definitions of S4+« and S+ in (2.17) of Remark 2.2, we have the following.

Lemma 3.12. Fix x > 0.

(1) For every 7 € Sax, when A* > 0

9(Xopont) o pecry + M Xo pone) Lircoper S Vax B+ (Xopunr), P°—a.s.on{oa N7 < 00},

and when A* = (),

—(@ = ¥5)lix =0y + M X )1y < wvopp(X7), P*—a.s. on {7 < oo}

(2) For every o € Sp-,
g(XO'/\TB*)l{U<TB*} + h(XO'/\TB*)l{TB* <o} Z VA*, B* (XO'/\TB*)7 P* —a.s. on {0’ A Tpx < OO};

where it is understood for the case A* = 0 and v > 0 that the above holds with A* = 0+.

Lemma 3.13. (1) When A* > 0, we have (L — r)va« p+(x) > 0 for every 0 < x < A*.

(2) We have (L — r)vas g=(z) = 0 for every A* < x < B*.
(3) When B* < oo, we have (L — r)va« g=(x) < 0 for every x > B*.

With the help of Lemmas 3.12 and 3.13 above, we provide the rest of the proof of Theorem 3.2 in the

Appendix.
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4. HYPEREXPONENTIAL JUMPS AND NUMERICAL EXAMPLES

In this section, we consider spectrally negative Lévy processes with i.i.d. hyperexponential jumps and
provide some numerical examples to illustrate the buyer’s and seller’s optimal exercise strategies and the fair
premium behaviors. Since the Lévy density is assumed to be completely monotone, it can be approximated
arbitrarily closely by hyperexponential densities (see, e.g., [15, 18]). In a related work, Asmussen et al. [2]
approximate the Lévy density of the CGMY process by a hyperexponential density. Herein, we will use the
explicit expression of the scale function obtained by [15].

4.1. Spectrally Negative Lévy Processes with Hyperexponential Jumps. Let X be a spectrally negative
Lévy process of the form

N
Xi—Xo=pt+vB, =Y Z, 0<t<oo.

n=1
Here B = {By;t > 0} is a standard Brownian motion, N = {N;;¢ > 0} is a Poisson process with arrival
rate \, and Z = {Z,;;n = 1,2,...} is an i.i.d. sequence of hyperexponential random variables with density
function

f(Z) = Z ainie_mz7 z > 07
i=1

for some 0 < 7y < -+ < 1, < oco. Clearly, the corresponding Lévy density Af is completely monotone.
Its Laplace exponent (3.1) is given by

m

1
o(s) = ps + 51/252 - /\Zai

=1

s
ni+s

For our examples, we assume v > 0. In this case, there are m + 1 negative solutions to the equation
¢(s) = r and their absolute values {&; ;i = 1,...,m + 1} satisfy the interlacing condition:

0<&iyp<m<&op < <Ny <Enyiy <00.

For this process, the scale functions and its derivative are given by for every x > 0

W () = mf:l C, [?07 — g&re]
1
W (z) =Y C; [@(a)e " + & et (4.1)
i=1
Z0(z) =1+ rmir:lC» { ! (e‘l’(r)x —1) + — (e 5" —1)
i1 tLe(r) Eir

where
2 ( fi,r
v V2 Z;Z;l Ai,?‘gi,r <I>(r) + gi,r

gk,'r‘
Hje{l,...,m} <1 - T)

gk’,r ’
Hie{l,...,m}\{k} (1 - gT)

Apy = 1<k<m+1.
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In addition, applying (4.1) to (3.4) yields

m+1

ZC 1—6 +§zr)j|’

which is concave in x, with the limit W (00) = 327! C;, which equals (¢/(®(r)))~" by (3.5).

Recall that, in contrast to ¢(A, B) and V(A, B), QZ(A, B) and \T/(A, B) do not explode. Therefore, they
are used to compute the optimal thresholds A* and B* and the value function V. Below we provide the
formulas for 1; (A, B) and \T/(A, B). The computations are very tedious but straightforward, so we omit the
proofs here.

In summary, for B > A > 0, we have

> ~ W<I>( )( —n; A
A B)=—((p+7r) + (@ —7)A Y aje ™ — a—s/\ Q; s
V(A B) = —(F+~ 7s) Z W (B Vs) Z B0 T +m
a— s m+1 m n
r)(B—A) "j —-n;B J —n;B —&ir(B—A)—n; A
o a,C; | —————e % 4 —~— (7" — 75 i
e L W ST e )
and
U(A,B) = ! X
’ Wa (B — A)
1
— (P + s7) =W MW, — s A —2B-Ao(A, B
(p+7r)<1)(r) ()( )+ ‘13) Q 7. ZOK@ )+77j+6 Q( > )
where
m+41 1 1 1
0(A, B) := (& — 7)) A o C; ( [ + } — e"jAé”(BA)—>
( Z ’ ZZ (I)(T) + N gi,r — Ny gi,r — Ny
m+1 1
Also, setting B = oo and B = A+, (3.32)-(3.33) ylelds
(A, 00 P+ 1) + B(r)A(@ — 7s) e 4
(A,00) = —( ) + Q(r)A( > o(r )H?]

7=1
zZ(A, A4+) = — (D +sr) + (& — 7s) )\Zaje_”jA.

4.2. Numerical Results. In our numerical example, we focus on the exponential jump case with m = 1 so
as to conduct sensitivity analysis. We assume that f is an exponential density with parameter 7 > 0. This
simple density specification allows for more intuitive interpretation of our numerical results. Let us denote
the step-up/down ratio by ¢ := p/p = &/«. We consider four contract specifications:

(C) cancellation game with ¢ = 0 (position canceled at exercise),

(D) step-down game with ¢ = 0.5 (position halved at exercise),

(V) vanilla CDS with ¢ = 1.0 (position unchanged at exercise),
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(U) step-up game with ¢ = 1.5 (position raised at exercise).

The model parameters are r = 0.03, A = 1.0, = 2.0, v = 0.2, = 1, x = 1.5 and 75 = 7, = 1000 bps,
unless specified otherwise. We also choose p so that the risk-neutral condition ¢(1) = r is satisfied.

Figure 3 shows for all four cases the contract value V' to the buyer as a function of x given a fixed premium
rate. It is decreasing in x since default is less likely for higher value of x. For the cancellation game, V' takes
the constant values v, = 1000 bps for z < A* and —v, = —1000bps for x > B* since in these regions
immediate cancellation with a fee is optimal.

1 T T T T T T T

g=0.0 (cancellation)
— — - g=0.5 (step-down)
g=1.0 (vanilla)
— — — g=1.5 (step-up)

0.8 ~

value for the buyer

06 . . . . . . .
0.5 1 15 2 25 3 35 4 4.5

FIGURE 3. The value for the buyer V(x; 04+, 75+) as a function of z. Here r = 0.03, p = 0.05,
1=0.1352, A = 1.0, = 2.0, v = 0.2, and 7 = s = 1000 bps.

In Figure 4, we show the optimal thresholds A* and B* and the value V' with respect to p. The symmetry
argument discussed in Section 2 applies to the cases (D) and (U). As a result, the A* in (D) is identical
to the B* in (U), and the B* in (D) is identical to the A* in (U). In all four cases, both A* and B* are
decreasing in p. In other words, as p increases, the buyer tends to exercise earlier while the seller tends to
delay exercise. Intuitively, a higher premium makes waiting more costly for the buyer but more profitable
for the seller. The value V' in the cancellation game stays constants when p is sufficiently small because the
seller would exercise immediately; it also becomes flat when p is sufficiently high because the buyer would
exercise immediately.

As illustrated in Figure 4-(b), the value V' (from the buyer’s perspective) is always decreasing in p. Using
a bisection method, we numerically determine the fair premium p* so that V' = (0. We illustrate in Figure
5 the fair premium p* as a function of v, and 7,. As is intuitive, the fair premium p* is increasing in -,
and decreasing in ;. Figures 6 and 7 show the fair premium p* with respect to x for various values of A
and 7, respectively. In all cases, a higher = implies a lower p* due to a lower default likelihood. It is also
increasing in A\ and decreasing in 7 for similar reasons. Figure 8 shows the same plots for various values
of v. As can be observed, p* is increasing in v. This is a result of the risk-neutral condition and how p is
chosen: p decreases as v increases and the overall drift of the process X decreases and so default comes
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8T T T 1 T T T
" for q=0.0 =0.0 (cancellation)
" for 4=05,.15 | — — - g=0.5 (step-down)
* for gz ' ¢=1.0 (vanilla)
" or 4=0.0 05 — — — g=1.5 (step-up) B
for g=0.5,1.5 |{ ~. o
x 5 or ~ X 4
>
@ 3 -
° 4 ~
- <] T~
< | ; 05 - 4
] <
©
>
- - a1k 3
. T P
200 400 600 800 1000 1200 1400 1600 1800 2000 200 400 600 800 1000 1200 1400 1600 1800 2000
P p

(a) A* and B* w.r.t. p

®)V wrt. p

FIGURE 4. Optimal threshold levels A* and B* and the value for the buyer with respect to p. The
parameters are r = 0.03, z = 1.5, p = 0.3433, A = 0.5, = 2.0, v = 0.2, and v, = s = 1000 bps.

more likely. It should be noted that » measures the fluctuation of the continuous part of X. When . is fixed,
the increment of » means less surprise in the evolution of X, which is favorable to the seller.

T T T
N g=0.0 (cancellation) N =0.0 (cancellation)
1200 — — - g=0.5 (step-down) 1200 — — - ¢=0.5 (step-down)
g=1.0 (vanilla) — g=1.0 (vanilla)
— — — g=1.5(step-u — — — g=1.5 (step-u
1000 q (step-up) 1000 g (step-up)
800 | - , 800 [ e o ]
“Q. «Q
600 [ T 600 [ T
400 1 400 1
200 T 200 T
0 . . . . . 0 . . .
0 0.05 0.1 0.1 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3
s Yo

(a) p* w.r.t. s (b) p* w.r.t. v

FIGURE 5. Fair premium with respect to 73 and +s. Here r = 0.03, z = 1.5, . = 0.3433, A = 1.0,
n = 2.0, v = 0.2, and v, = s = 1000 bps if not specified otherwise.
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(c) ¢ = 1.0 (vanilla)
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(d) ¢ = 1.5 (step-up)

FIGURE 6. Fair premium with respect to = with various values of the jump intensity A. Here r =

0.03,n = 2.0, v = 0.2, and v, = s = 1000 bps.
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(c) ¢ = 1.0 (vanilla)

(d) ¢ = 1.5 (step-up)

FIGURE 7. Fair premium with respect to = with various values of the jump parameter . Here

r=0.03, A =1.0, v = 0.2, and 7, = v, = 1000 bps.
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FIGURE 8. Fair premium with respect to x with various values of the jump parameter v. Here
r=0.03, A\ =1.0,7 =2, and vy, = s = 1000 bps.
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5. CONCLUSIONS

We have discussed the valuation of a default swap contract where the protection buyer and seller can alter
the respective position once prior to default. This new contractual feature drives the protection buyer/seller
to consider the optimal timing to control credit risk exposure. The valuation problem involves the analytical
and numerical studies of an optimal stopping game with early termination from default. Under a perpet-
ual setting, the investors’ optimal stopping rules are characterized by their respective exercise thresholds,
which can be quickly determined in a general class of spectrally negative Lévy credit risk models under the
completely monotone Lévy density assumption.

For future research, it is most natural to consider the default swap game under a finite horizon and/or
different credit risk models. The default swap game studied in this paper can be applied to approximate its
finite-maturity version using the maturity randomization (Canadization) approach (see [11, 25]). Another
interesting extension is to allow for multiple adjustments by the buyer and/or seller prior to default. This
can be modeled as stochastic games with multiple stopping opportunities, leading to more complicated
optimal exercise strategies. Finally, the step-up/down feature can also be applied to equity and interest rate
derivatives.

APPENDIX A. PROOFS

Proof of Lemma 3.2. Recall that v is given by the first expectation of (2.10), and note that 04 A 73 = 00
implies § = oo. For every z € (A, B), we have

Ap(z; A, B) =v(x; A, B) — h(x)

7]
=E° [1{“@@0} ( / e pdt — e Al prpcoy + €N (—lirpcony + %1{73>0A})ﬂ

ANTB

0
— E* {/ e "pdt — erad} + %
0

oANTB
=E* |:1{0'A/\’TB<OO} (_/ 67”]5 dt + eiTe&l{crA/\TBZG} + e oanTs) (_%’1{7'3<UA} + 751{TB>UA}))
0

0
_1{O'A/\TB:OO} (/ e_rtﬁ dt — €—r0d> :| +
0

oANTB

= [E* 1{UA/\TB<oo}€_T(UA/\TB) (dl{aA/\TE;:G} — ’ybl{TB<gA} + 781{TB>GA}) _ e—rtﬁ dt:| %
L 0

P
r
+ 73) 1{TB>0'A or UAATB:0}>:|

=E* 1{UA/\TB<OO}67T(JA/\TB) (dl{UA/\TB=9} - 761{73<0A} + 751{73>0A} +

= ™

T —r(ocANT, ~ ﬁ
= E* | L{ssnrp<oc}€ (0aATE) ((Oé — Ys) Lo anrp=0} + (— — ’Yb) Lirp<oay + (

=S =™

r

—]34'%
r
(o 1z
—T(x,A,B)—;—i-%.

Since g(z) = h(x) + 75 + 7 for every x > 0, the second claim is immediate. 0
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Proof of Lemma 3.3. The expressions for A; and A, follow directly from the property of the scale function
(see, for example, Theorem 8.1 of [23]).

For As, let N be the Poisson random measure for —X and X and X be the running maximum and
minimum, respectively, of X. By compensation formula (see e.g. Theorem 4.4 of [23]), we have

Ag(w; A, B) = E* [ /D /0 Nt x dwe L, _p 5 on Xt__u@}}
=E* {/ dte—rt/ H(du)l{yt—<B,Kt_>A7 Xf,—u<0}:| (A.1)
0 0 ¢

= / H(du)/ dt [e"PH{X;- <u,04 ATp > t}].
0 0

Recall that, as in Theorem 8.7 of [23], the resolvent measure for the spectrally negative Lévy process killed

upon exiting [0, a] is given by

WO @W ) (a—y)
W (r) (a)

/ dt [ "P* {X,- € dy,00 AT, > 1}] = dy { ~WO(z — y)] . y>0
0
Hence

/ dt [e_”]P’x {Xi— edy,oa N5 > t}} = / dt [e_”Px_A {Xi—edly—A),00 NTp_a > t}}
0 0

g [P0 = AW —y)
=d [ WO(B = A)

when y > A, and it is zero otherwise. Therefore, for u > A, we have

- Wz~ y)] ,

00 uAB W(r) (l‘ - A)W(T)(B _ y)
dt [e "P{X,_ <u,c4 AT >t :/ d { — Wz — ]
/0 [ { t A B }} " W(r)(B _ A) ( y)
=BT (z — AW (B — 2 — A)
- W e — s — A
A We 2= )

W (z — A)

uAB—A - uAr—A -

since W (") is zero on (—o00, 0). Therefore, we have

e W(T)({L‘—A) uAB—A unz—A
As(z, A, B) = [ T(du) |——— 2 dzW (B - —A—/ A=W (2 — 2 — A)] .
R A R e

U
Proof of Lemma 3.4. By Theorem 8.1 of [23], we obtain the limits:
1}1?01 A(z; A, B) = E* [e_’”TBl{TB<97TB<OO}} and 1,4'1}?01 As(z; A, B) = E* [e_TTBl{TBngB@O}} .
By the construction of A3, as seen in (A.1) above, we deduce that
lim Ag(z; A, B) = B [ Lix, <ompeoct] = B [¢7 7 Limppmpcoct] —E7 [P Lix, =0 mm<o]
Applying these to the definition (3.10) yields:
Y (2504, B) = T(2;0, B) — (& — 75) E* [¢ 7™ 1(x, =0, rp <00} ] -
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By [23] Exercise 7.6, any spectrally negative Lévy process creeps downward, or P{ X, = 01]0 < oo} > 0,
if and only if there is a Gaussian component. This completes the proof. U

Proof of Lemma 3.5. (1) The monotonicity is clear because dr(x; A)/0A = — W) (z — A)I(A, 00) < 0
forany z > A > 0. (2) By (3.5), we have

unz—A uNz—A
/ AW (g —2— A) = / dze®ME==Dy (2 — 2 — A)
0 0

1 v B(r)(z—2—A) e?(@=4) —d(r) (u—A)
' (@(r)) Jo (r)¢' (®(r))
Therefore,
e‘b(r)(w—A) eq)(r)x

k(z; A) < 0). (A.2)

e A < g ol
()¢ (2(r)) () (2(r))
Using this with the dominated convergence theorem yields the limit:

o0

1
/@(1’;0):%101; i I(du+ A) [Z"(z — A) — Z" (2 — A — )]

= 1/000 (du) [Z27)(z) = Z")(z — u)] < oo.

,
(3)Forallz > A >0
/{(x' A) 00 uNT—A W(r)<x — A) 0o uNz—A e p(A)
—— = [ TI(d d < [ T M2z < .
o= =, T [ Ay s [, e [T e < G
Therefore, the dominated convergence theorem yields the limit:

r(z; A) 1 /°° T(du) lim ZO(x—A) = ZM(x —u)  p(A)

lim — ) 2
re WOz — A) 1 [, oo WO (z — A) o(r)

where the last equality holds by (3.7), Z")(z — A) /W) (x — A) AN r/®(r) and
O(r)(u—A) Z0 (& = u) Wap)(z — u) —o(r)(u—A) T

lim Z (r —v) lime™ e
m——-=1 = —.
atoo W) (2 — A)  atoo WO (2 —u) Weey(z — A) (r)

Proof of Lemma 3.6. Fix B > 0. We have

0 (r) —u B
/0 IT(du) <1 — %) =TI(B, o0) + W+(B)/O I(du) (WT(B) = W(B —u)) (A3)

where the second term on the right-hand side equals for any 0 < ¢ < B

o0(r)B B B
WO(B) </0 I1(du) Wa (B) [1 — e *0)] +/0 II(du)e ™" [Wa () (B) — Wagy (B — u)])
c2(r)B
< WO (Way(B)p(0) + Wai (B)(e, B) + a(Bse)), (Ad)

with Oz(B; 8) = fOE H(du) [W@(T)(B) — W@(T)(B — u)]
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It is now sufficient to show that a(B;¢) is finite. As in the proof of Theorem 3 of [28], because II has a
completely monotone density, Wy, is a Bernstein function admitting the form

W@(T)(;E) =a+ / (1 — e*xt) G(dt), T > 0,
0
for some a > 0 and some finite measure GG on (0, c0). Now using (3.3), we write

a(B;e) = /O EH(du) /O h G(dt) (e” Bt — 781
= /0 h G(dt)e B /0 ] II(du) (e” —1) < /0 h G(dt)e~ (Bl /0 aH(du) (1—e™) (A.5)
< /0 h G(dt)e Bt /O h (du) (1 —e™) = /O h G(dt)e B! (ut + @ — qb(t)) .

Since pt + %t /2 — ¢(t) ~ v*t? /2 as t T oo by Exercise 7.6 of [23] and G is a finite measure, this is indeed
finite. O

Proof of Lemma 3.7. (1) In view of (3.25), it is immediate by Lemma 3.5-(3) and (3.7). (2) By Lemma 3.5-
(2) and because p(A) A0, p(0), the convergence indeed holds. (3) By (A.2), the dominated convergence
theorem yields

lim U(A,B) = lim K];’ — %) — (7;9 + ’ys) ZM(B — A) 4 (& — ) K(B;A)} =—(1+7s) <0.

0
Proof of Lemma 3.8. (1) Suppose B < oco. Because W (") (B —u) /W) (B~ A) is increasing in A on (0, B),

B o) [W(T)(B — )

9 ~ -
SaAB) = =@ =) [ M e

1<0, 0< A< B,
A

and hence 1) is decreasing in A on (0, B). The result for B = oo is immediate because p(A) is decreasing.
For the convergence result for B < oo (when p(0) < 00), we have

> W(B —u) 1 > \ .
/A TI(du) {1—W(T)(B_A)] < W(r)(B_A)/O (du) [W(B) = W(B —u)],

which is bounded by Lemma 3.6. Hence by the dominated convergence theorem,

lim [ T1(du) [1 W} :/OmhmdeA) {1_W(r)(B—u—A)]

A0 ), - WO(B - A) AL0 WO(B - A)
> W(B — u)}
= [ T(dw) |1 - ——].
[ |- M
AlO

The convergence result for B = oo is clear because p(A) — p(0).
(2) Suppose A > 0. Look at (3.25) and consider the derivative with respect to B,

0 ~ 3 W (0) B 0 W(B —u)
a_B (A7 B) = _(O‘_’Vs> [W(B)W(r)(B—A) +/A H(du)ﬁ_BW(’“)(B—A)}
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where 7 is the density of II. Moreover, forall A < u < B,

i W(r)(B — U) — e D(r)(u—A) 9 ch (B - u)
OBW® (B —A) OB Wy (B — A)

(We r)(B A))2 ’

which is positive by (3.8). Therefore, @(A, B) is decreasing in B. This result can be extended to A = 0 by
(1.

For the convergence result for A > 0, the dominated convergence theorem yields

[ WO(B ) . | WO(B - u)
g [ TH(dw) (1 - m) = /A H(du) Jim (1 - m) = p(A),
where the last equality holds by (3.4)-(3.5). When A = 0, by (A.3)-(A.4), W) (x) ~ €27 /¢/(B(r)) as
x 1 00, and because the bound of a(B, ¢) in (A.5) is decreasing in B, we can also apply the dominated
convergence theorem and obtain the same result.

(3) The derivative of (3.23) can go into the integral by the dominated convergence theorem because
L (du) (2Y(B) — Zz0'(B —u)) = [ T(du) (W™(B) — W (B —u)) < oo by Lemma 3.6.
Therefore, the result is immediate. O

Proof of Lemma 3.9. (1) We rewrite (3.31) as T(A4, B) = U(A, B) — 0(A, 3)% We have shown

Lemmas 3.7-(1) and 3.8-(2), and @(T)ITJ(A, o0) = @E(A, 00) in view of (3.24)-(3.25). This, together with
(3.6), yields the desired limit.

(2) Recall Lemma 3.7-(3). In the case of unbounded variation, since W) (04-) > 0, W) (0) = 0 and
(A, A+)| < oo, it follows that ['(A, A+) = —oo. O

Proof of Theorem 3.1. (1) In view of (a)-(c) in subsection 3.2, we shall show that (i) ¥(A, B) monotonically
increases while (ii) ¥ (A, B) monotonically decreases in B.

(i) By the assumption A > 0, we have @//J\(A, oo) = 0. This coupled with the fact that @Z(A, B) is
decreasing in B by Lemma 3.8-(2) shows that @(A, B) > 0or (A, B) > 0 for every B > A and hence
U(A, B) is monotonically increasing in B on (A, co) (recall (A, B) = 0V(A, B)/0B). Furthermore,
b(A) < oo implies that \TI(A, o0) > 0 (note \TI(A, B) > 0 < VY(A,B) > 0). This together with
W(B — A) AN implies that W (A, B) is monotonically increasing in B to +oc.

(ii) Because A > A, we obtain A > 0 and hence 12(1 Z—l—) = (. This together with the fact that
O(A, B) is decreasing in B by Lemma 3.8-(2) shows that ¢)(4, B) < 0, or ¢)(4, B) < 0, for every B > A.
Consequently, ¥ (A, B) is monotonically decreasing in B on (4, 0o). Furthermore, because ¥ (A, A+) < 0
by Lemma 3.7-(3), U(A, B) never up-crosses the level zero.

By (i) and (ii) and the continuity of ¥ and v with respect to both A and B, there must exist A* € (A, Z)
and B* € (A*,00) such that B* = b(A*) = b(A*) (with U(A*, B*) = ¢(A*, B*) = 0).

(2) Using the same argument as in (1)-(i) above, W(A, B) is increasing in B on (A, cc). Moreover,
the assumption b(A) = oo means that —oo < V(A, A+) < limpye V(A, B) < 0. This together with
W(B — A) BT o shows U(A, 00) = 0. By (3.6) and Lemma 3.9-(1), ¥)(A, 00) = 0 and this implies
that J(A, B) > 0 forall B € (A, o) by virtue of Lemma 3.8-(2), and hence b(A) = oo.
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(3) Recall Lemma 3.8-(3). We have (0, B) > 0 if and only if B € (0,b(0)), and hence ¥(0, -) attains
a global maximum W (0, b(0)) and it is strictly larger than zero because b(0) < b(0). Furthermore, ¥ (A, B)
is monotonically decreasing in B on (A, co) and (A, A+) < 0 as in (1)-(ii). This together with the same
argument as in (1) shows the result.

(4) First, A = 0 implies b(0) = 0. This also means that ¢ (0, B) < 0 or (0, B) is decreasing on (0, 00).
This together with Lemma 3.7-(3) shows b(0) = oco. Now, for both (i) and (ii) for every B € [b(0), b(0)],
because ¥ (0, B) < 0, we must have I'(0, B) > @(O, B). This shows that 6(0) < b(0). It is clear that this is
case 3 when b(0) < oo whereas this is case 4 when b(0) = oo. O

Proof of Lemma 3.10. (1) With W™ (B — A) > 0, it is sufficient to show W(A, B) is decreasing in A on
(A, A) for every fixed B. Indeed, the derivative

rv(a.8) = 2 = (Z40) 2008 - 4) + (@ vnl5: )

= W(B—A) (p+ 17 — (@ —7)I(A,00)) (A.6)
is negative for every A € (0, A) by the definition of A. Part (2) is immediate from Lemma 3.8-(1). O
Proof of Lemma 3.11. (1) Fix B* > x > A > A* > 0. First, suppose B* < oo. We compute the derivative:

0 0
aAA(xAB)—a—AT(a:AB) [

0 WW(z — A)
DAW) (B — A)} V(A BY)

)
(B

Using (A.6), the last two-terms of the above cancel out and

+<—>)[£4 4.5 + 5 [ (24 2) 290 - 4) = @ =)t )]

0
0A

o WO(zx - A)

Z A (z; A, BY) = [mm] U(A, BY).

On the right-hand side, the derivative is given by

0 Wh@—A) () (B —x) 9 War(z — A)
0A W(T)(B* — A) 0A W@(T)(B* — A)

—®(r)(B*—z) —W&)(T)(x — A)Weo ) (B* — A) + W) (v — A)Wé(r)(B* — A)
War) (B* — A)?

=€

which is negative according to (3.8) by B* > x. Now suppose B* = co. We have

%A (z; A, 00) = aaA [W(”)(:z; — A)U(A, oo)} ai [( +%> Z0(x — A) — (& — ) Kz A)] .

By (3.24), the first term becomes

[W(’”) (z — A)T(A, oo)} — W (2 — A)T(A, 00) — (@ — v,) W (z — A) / N I (du)e~®M=A)
A

9
0A
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and by using the last equality of (A.6) (with B replaced with x), we obtain

~ @ W e = A) [Tt P (P, ) 20— ) - @ - ) el )

= WO (@ — A) (—(F +175) + (@ — 7)p(A)) = W (z — A)B(r)T(A, o0).

Hence,

0 ) ~ ~
2, (334, 00) = — [W(’") (= A) — S(r)W O (z — A)} U(A, 00) = —e* @D (0 — A)T(A4, 00)
where Wy, (z — A) > 0 because W) is increasing.

Now in order to show A (x; A, B¥) is increasing in A on (A*, x), it is sufficient to show U(A,B*) <0
for every A* < A < B*. This is true for A* < A < Aby b(A*) = B* and Lemma 3.10-(1). This holds
also for A < A < B*. Indeed, V(A, B) is decreasing in B since ¢(A,B) < 0 forany B > A > A.
Furthermore, Lemma 3.7-(3) shows that W(A, A+) < 0. Hence W(A, B*) < 0 or U(A, B*) < 0.

Now we have by (3.28), 0 > WM(0)¥(z, B*) = Ay(z+;x, B*) > Ay(x; A*, B*). This proves (3.39)
for the case A* > 0. Since Ay(x; 0+, B*) = limy 0 Ay(z; A, B¥) by (3.9) and (3.18), this also shows for
the case A* = 0.

(2) Recall that ¢(A*, B) = 0V (A*, B)/0B and hence for any A* < x < B < B*

aBAh(xaA 7B) - aBT('TaA 7B)
W (z — A*) /
— * (r) A * (r) A*
WOE— AP V(AT B (B — A) — w(A*, BYW (B - A)
WO'(B — A%)
— (r) A* *
W (z— A )W(T)(B—A*)F(A , B)

which is positive on (A*, B*) by (3.35). Therefore, by (3.27), 0 = Ay (z—; A", x) < Ay(x; A*, B*).
This proves (3.40) for the case B* < oo. Since Ap(x; A*,00) = limpyo Ap(z; A%, B) by (3.9) and
(3.17), this also shows for the case B* = oo. ]

Proof of Lemma 3.12. (1) Suppose A* > 0. Because X, ,.r, > A*as.on {7 < 04-}, Xp,.nr < A" as.on
{T > 04+} and by (3.40), we have

9( X pont) Lo pecry + A Xo pon) Lrconny < 9(Xogunr) Lo gncrt + Va5 (Xoonr) Lirco
= U g (Xoonr) Lo e crt + Va5 B+ (Xo pone) Lirco et = Vas B+ (Xounr).
Suppose A* = 0. We have by (3.40)
— (& = ¥)Lx, =0y + MXD)Lrcoy < —(& = Y)Lix, =0} + Vot,5+ (X7) L{r<oy = vo1,5-(X7).
The proof for (2) is similar thanks to (3.39). [
Proof of Lemma 3.13. (1) First, Lemma 3.4 of [27] shows that (£ — r)({(z) = 0. Therefore, using (3.36)
and that J' = J” = 0 on (0, A*), we have

(£ = FYoae g (x) = / T (I = w) = J(2) T{du) — 1 (2) = (& — 3) TL(z,00) — (5 + 7). (AT)
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Since A* > 0, we must have by construction U(A*, B*) = 0 and I'(A*, B*) = 0 and consequently,
$(A*, B*) = 0. Furthermore, )(A*, B) is decreasing in B and hence ¢/(A*, A*+) = (& — ~,) II(A*, 00) —
(p + vsr) > 0. Applying this to (A.7), for z < A*, it follows that (£ — r)va« g (x) > 0.

(2) When A* > 0, by the strong Markov property,

—r(IAT o*x N\T,
€ ( Ar B*)UA*,B* (Xt/\O’A*/\TB*)

=[E” [e_T(TB*AUA*) (h(XTB*)l{TB* <opx} + g(XUA*)l{TB* >O’A*}) 1{7'3*/\UA* <oo}} «Ft/\aA*/\‘rB*] .

Taking expectation on both sides, we see that e 7!\ 75+)y) a8 (Xino e Arpe ) 18 @ PP-martingale and
hence (£ — r)va- p«(z) = 0 on (A*, B*).
When A* = 0 by Lemma 3.4

eir(t/\TB*)UO+7B* (Xt/\TB*> = EI |:€7TTB* (h(XTB*)l{TB* <9} - (d - ’78)1{X7—B* :0}> 1{TB* <OO}‘ ft/\TB*:| .

Taking expectation on both sides, we see that e~ "(*\75*)y, p. (Xtnrg. ) is a PP-martingale and hence (£ —
7)o+ g () = 0on (0, B¥).

(3) Suppose v > 0, i.e. there is a Gaussian component. In this case, W (") is continuous on R and C? on
(0, 00), and we have

WO (B = 4 = =) [

We show A} (B*—; A*, B¥) > 0. To this end, we suppose A} (B*—; A*, B*) < 0 and derive contradiction.
The fact that A} (B*—; A*, B*) = 0 by smooth fit implies that A} (z; A*, B*) > 0 forsome z € (B*—¢, B¥).
However, since A, (B*—; A*, B*) = 0, this would contradict (3.40). Consequently, A} (B*—; A*, B*) > 0,
implying (£ — r)vas g«(B*+) < (L — r)vas p«(B*=). When v = 0, (£ — r)vap«(B*+) = (L —
r)va- g+ (B*—) by continuous and smooth fit.

TI(du) (WW(B* A WO (B — u)) .

As aresult, for all cases, we conclude that
(L —r)vap«(B*+) < (L —1r)vgs g« (B*—) = 0.

Now it is sufficient to show that (£ — r)va- g«(x) is decreasing on (B*,00). Recall the decomposition
(3.36). Because (£ — r)((x) = 0, we shall show (£ — r)J(z) is decreasing on (A*, B*).
Now because J' = J” = 0 on z > B*,
(L—r)](z) = / IT(du) [J(x —u) — (2;9 — 71,)] —(p—rw), z>DB"
z—B*
Since v+ p«(x) > h(z), we must have that J(z) > 2 — v, on z < B* (or the integrand of the above is
non-negative). This together with the fact that II has a monotonically decreasing density shows that it is
indeed decreasing on (B*, c0). O

Proof of Theorem 3.2. (1) (i) We show that v« p«(x) > v(x;04+,7) for every 7 € S. As is discussed in
Remark 2.2, we only need to focus on the set S +.

In order to handle the discontinuity of v4- g~ at zero, we first construct a sequence of functions v, (-)
such that (a) it is C? everywhere except at B* and A*, (b) v,(x) = va«p+(z) on z € (0,00) and (c)
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vn(2) 1T vas p+(x) pointwise for every fixed x € (—o0,0). Notice that v4« p+(-) is uniformly bounded
because h(-) and g(-) are. Hence, we can choose so that v, is also uniformly bounded for every fixed n > 1.
Because v'(7; 04+, Tp+) = v;,(7) and v/} p.(z) = v, (z) on z € (0,00)\{A*, B*} and va- p+(z) > v,(7)
on (—oo,0), we have

(L —=7r)(vy —varp)(x) <0, z€(0%,00)\{A", B'}. (A.8)

We have for any 7 € S~

TNO g% O A%*
E® {/ e "L —1) (v, — UA*7B*)(XS_)|d8:| < KE* [/ e TI( X, oo)ds]
0 0

where K := sup, g |va~ g=(z) — v,(x)| < oo is the maximum difference between v4- g« and v,,. Using N
as the Poisson random measure for —X and X as the running minimum of X, we have by the compensation
formula

O A% 0 00
E® [/ eTSH(Xs,oo)ds} =E” [/ / eml{X5>A*7u>X5}H(du)ds}
0 o Jo

= E° {/ / e x, s a, usx, N (du X ds)] =E [e_mA*l{Xw <0.0an<oc} | < OO
0 0

Therefore,

TN px
E” [/ e "*I(L—r)(v, — UA*7B*)(XS_)|d8:| < 00,
0

’T'/\O'A* (A.9)
/ e "|(L—1)(vy, — vas g+ ) (Xso)|ds < o0, P*—a.s.,
0
uniformly for any n > 1.
By applying Ito’s formula to {e™""""4)v, (X, ,.);t > 0}, we see that
t/\O’A*
{e_r(tA"A*)vn(Xt,\aA*) — / e ((L—r)v, (X, ))ds; t> O} (A.10)
0

is a local martingale. Here, when v > 0, although v,, is not C? at B* and A*, the Lebesgue measure of v,, at

which X = B* and X = A* is zero and hence v//( B*) and v ( A*) can be chosen arbitrarily. For the case of

bounded variation, it is not C'! at A* but this can be handled in the same way. See also Theorem 2.1 of [33].
Suppose {T}; k > 1} is the corresponding localizing sequence, namely,

tAT ox NT},
E® [e_r(t/\“/“‘*AT‘“)vn(XtMA*ATk)} = v, (z) + E* [/ e ((L—r)v(Xs2)) ds} , k>1
0

Now by applying the dominated convergence theorem on the left-hand side and Fatou’s lemma on the right-
hand side via (£ — r)v,(x) < 0 for every > 0 thanks to (A.8) and Lemma 3.13-(2,3), we obtain

E? [e7" 04y, (X )] < () + B2 [ / T e (L (X)) ds] -

Hence (A.10) is a supermartingale.
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Now fix 7 € S4+. By optional sampling theorem, we have for any M > 0

]Em [e—T(TAUA* /\M)Un (XT/\O'A* /\M)]

<o+ [ [ e e () (6= o = vae )X

<o) +E [T e (@ -0 v as),

where the last inequality holds by Lemma 3.13-(2,3). Applying the dominated convergence theorem on
both sides via (A.9), we obtain the inequality:

TAO p*
E* [e_r(TAUA*)Un(XT/\UA*)1{T/\UA* <0<>}} < vp(z) + E* {/ e " (L —7r)(vy — vas ) (Xs-)) ds} .
0
(A.11)

We shall take n — oo on both sides. For the left-hand side, the dominated convergence theorem implies

7}1—{20 ]Ex [eir(T/\OA*)Un(XT/\UA*)1{T/\UA* <oo}} = Ew [eir(TAJA*)UA*,B* (XT/\CTA*)l{T/\O'A* <oo}} .

For the right-hand side, we again apply the dominated convergence theorem via (A.9) to get

lim E* [ /0 T (= ) — UA*VB*)(XS_))ds}

n—o0

TANT g%
= [E* {lim / e (L —1) (v, —vas g )(Xs))ds| . (A12)
0

n—oo

Now fix P*-a.e. w € ). By (A.9) and the dominated convergence theorem,

T(W)AT g% (w)

lim e (L —r) (v, —var g )(Xs—(w))ds

n—o0 0

n—oo

T(W)AT g% (w)
= / e " lim (£ — 7r)(vy, — vas g ) (Xs—(w))ds.
0

Finally, since X (w) > A* for Lebesgue-a.e. s on (0, 7(w) A 04+(w)), and by the dominated convergence
theorem, we obtain

lim (£ —r) (v, —vas g )(Xs—(w)) = /OO II(du) lim (v, (Xs—(w) — u) — v(Xs-(w) —u)) = 0.

n—oo Xo_ (UJ) n—00

Hence, the limit (A.12) vanishes, namely,

T/\O'A*
lim E* {/ e (L = 1) (v, — va g+ )(Xs-))ds| = 0.
n—oo 0

Therefore, by taking n — oo on both sides of (A.11) (note v« g« () = v,(x)), we have

UA*,B* (l‘) Z E'I |:€_7’(T/\0'A*)”UA*7B* (XT/\O'A*)l{T/\O'A*<OO}:| s T € SA*,

This inequality and Lemma 3.12-(1) show that v 4« g« (z) > v(z; 04+, 7) for any arbitrary 7 € Sy-.
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(ii) Next, we show that v« g« (z) < v(x; 0, Tp+) for every o € S. Similarly to (i), we only need to focus
on the set Sp~. We again use {v,,;n > 1} defined in (i). Using the same argument as in (i), we obtain

ONT
—oo < E* [/ e (L —71) (v, — va g )(Xs-)ds| <0,
0

oNTg* (A13)
/ e "L —71) (v, —vas g ) (Xs-)|ds < 00, P¥—a.s.,
0
uniformly for any n > 1. Also, for any fixed o € Sg-, we have by Lemma 3.13-(1,2) that
oNTpx*
R [ / (L — r)un(Xs_))ds]
0
ONTB*
=[E* [/ e (L= 1)var g (Xso) + (L = 7) (V5 — var ) (Xs-)) ds] (A.14)
0
ONTR*
> E” [/ e (L —r) (v, — UA*jB*)(XS_)dS] > —00.
0
By applying Ito’s formula to {e~"(*"\"5*)v,,(X;r,,..);t > 0}, we see that
t/\TB*
{eT(MTB*)vn(XMTB*) — / e (L —r)v, (X, ))ds; t> O} (A.15)
0

is a local martingale. Suppose {7}; k > 1} is the corresponding localizing sequence, we have

E* [ s ATy (X, )] = o) + B2 |:/O't/\TB*/\Tk . ds]
_ vn(z) + 7 [ /O B s (£ = Yore e (Xa) (L — ) — 00 ) (X)) ds}
— vn(z) + B [ /0 T e (2 = Pone e (X)) ds}

+E [ /0 P s (£ = P — v 5 ) (X)) ds]

where we can split the expectation by (A.14). Now by applying the dominated convergence theorem on the
left-hand side and the monotone convergence theorem and the dominated convergence theorem respectively
on the two expectations on the right-hand side (using respectively Lemma 3.13-(1,2) and (A.13)), we obtain

E” [e7" 078 )y, (Xinrp )] = va(z) + B {/OMTB* e (L — 7)o (X)) ds] :

Hence (A.15) is a martingale.
Now fix 0 € Sg-. By the optional sampling theorem, we have for any M > 0 using Lemma 3.13-(1,2)

B [0, (K n)) = e 4B [ [ e (2= ) o
= v,(x) + E* {/OUATB*AM e ((L—7r)vas g« (Xs—) + (L — 1) (v, — vax 5+ ) (Xs-)) ds}

>+ [ e e - e ) s
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Applying the dominated convergence theorem on both sides by (A.13), we have

ONTg*
B [0, (X pry ) Lonrge <o) > 0n(w) + B [ [ e e - v (o) s
0
We can take n — oo on both sides along the same line as in (i) and we obtain
VA* B* (.T) S E* [e_T(UATB*)UA*7B* (XO'/\TB* )1{0-/\7-3* <oo}i| 5 T € SB* .

This together with Lemma 3.12-(2) shows that v+ g+(x) < v(x;0,7p«) for any arbitrary ¢ € Sp-. This
completes the proof for (1) (when A* > 0).

(2) Suppose A* = 0. When v = 0, then the same results as (1)-(i) hold by replacing A* with 0 and 74~
with #. Now suppose v > (. Using the same argument as in (1) with 74« replaced with 6, the supermartin-
gale property of {e "Dy, p.(X;0);t > 0} holds. This together with Lemma 3.12-(1) shows

Vo+,B* (I’) Z E* [G_TTU()_’_’B* (XT>1{T<OO}]
> E7 (e (MX ) 7oy — (@ = 76)1ix,=0)) L reoc}] = v(25004,7), TES.

As in the proof of Lemma 3.13-(2), {e"”(“\TB*)UOJ,B* (Xtnrge )t > 0} is a martingale. This together with

Lemma 3.12-(2) shows that vy, g« (z) < v(x;0,75+) for all o € Sp+. Hence (3.37) is established. Finally,

vot .+ () = lim. o v(z; 0, 7p+) holds because Y'(z;e, B*) =0, Y (z;0+, B*); see in particular Remark

3.2-(2). U
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